MATHEMATICS 221 L03/11 B09/10 FALL 2004
QUIZ 1 SOLUTION Wednesday, September 22, 2004 at 15:00

[10] 1. Find conditions on the constant a so that the following system has (i) no solution, (i7)
exactly one solution or (iz) infinitely many solutions.

r + ay — z = 1
- + (a—2)y + z = -1
2 + 2y + (a—2)z = 1
Solution:
1 a -1 1 1 a -1 1

-1 a-2 1 -1 R2+R1 0 2a-—2 0 0
2 2 a—2 1 R3—2R; |0 2—2a a —-1| R3+Rs
[ 1 a -1 1
0 2a—2 0 O
0 0 a —1
 Consider the numbers 2a — 2 and a, we have three cases:
Case 1: 2a — 2 =0, that is, a = 1. In this case, the matrix becomes

(1 a -1 1 1 a -1 1
00 0 O 0 0 1 —1 | which says that the system has in-
00 1 —-1] Rg«—Ry [0 0O 0 O

finitely many solutions.
Qase 2: a =0, that is, a = 0. In this case, the matrix becomes

1 a -1 1
0 —2 0 0 | whose last row says that the system has no solutions.
0 0 0 -1
Case 3: 20 —2 # 0 and a # 0, that is, @ # 1 and a # 0. In this case, the matrix
becomes
1 a -1 1 1 a -1 1

0 2—2 0 0 2a1_2 Ry |01 0 0 |which says that the system has ex-
0 0 a —1 %R3R2 00 1 _71
actly one solutions.
Answer:
(7) The system has no solution when a = 0.
(77) The system has exactly one solution when a # 1 and a # 0.
(77) The system has infinitely many solutions when a = 1.

5] 2. Solve the systems:

2 — 2y — 4z — u + v = 2
dr — 4y — Tz — 2u + 16w
-r + y + 22 — u — 4v = -3

|
\]



Solution:

2 -2 —4 -1 7 2 1 -1 -2 -2 3 -1
4 4 -7 2 16 7T 51:4}2” 0 0 1 2 0 -5
-1 1 2 -1 -4 -3] 7 S l-1 1 2 -1 -4 -3| Rs+ Ry
(1 -1 —2 —2 3 -1 1 -1 0 2 3 -117 3Ry
000 1 2 0 —5| T2y o 4 9 o _5
(0 0 0 -3 -1 —4 0 0 0 -3 -1 —4 | =Ry
1 -1 02 3 —-11 1 -1 00 I -4
— 3 3
00 120 -5 21_3230010—5—23—3
00 01121 4 ? lo o o1 & 4
Y s—%t—%
1Y S
Thus, the solutions are | z %t— % where s and t are any numbers.
Uu —it4 4
3 3
v t
-1 21\ [-5 3
5] 3. Find a matrix A so that <2A—_ 1 _2]> :[ 5 _2]

Solution:

Transpose both sides of the above equation, we have

-1 2 -5 2
2’4_[ 1—21—[ 3 -2 |
-5 2 -1 2]
i
1[ -6 4 -3 2
A_El 4—4]:[ 2 -2

and so,
-6 4
= [ 4 4 ] Thus,

|



MATHEMATICS 221 L03/11 B12/13 FALL 2004
QUIZ 1 Friday, September 24, 2004 at 11:00

1. Find conditions on the constants a and b so that the following system has (i) no
solution, (i7) exactly one solution or (ii7) infinitely many solutions.

- + 3Jy + 2z = =8
r + z = 2
3z + 3y + az = b

Solution:

-1 3 2 -8 R + Ry 03 3 —6

1 01 2 10 1 2

L 3 3 a b R3—3R2 0 3 a—3 b—6 Rg—Rl

[0 3 3 —6 ] 01 1 —2

10 1 2| 3R |10 1 2| R«—R

100 a—6 b | 0 0 a—6 b

1 0 1 2 ]

01 1 —2

100 a—6 b

Consider the number a — 6, we have two cases:
Case 1: a — 6 # 0, that is, a # 6. Do a+6R3, we get

101 2
0 1 1 -2 |which says that the system has exactly one solution.
001 2
101 2
Case 2: a — 6 = 0, that is, a = 6. The matrix becomes:{ 0 1 1 —2|. Now, we have
000 o
two subcases:
Subcase 2a: b = 0. The matrix becomes:
101 2
0 1 1 —2 | which says that the system has infinitely many solutions.
000 O
Subcase 2b: b # 0. The last row says that the system has no solutions.
Answer:

(7) The system has no solution when a = 6 and b # 0.
(73) The system has exactly one solution when a # 6
(77) The system has infinitely many solutions when @ = 6 and b = 0.



2. Solve the systems:

x - z 4+ 2u + w = 2
—2r + y + 2z — wu = —7
r + vy - z + 3u + w = -1
Solution: )
1 0 -1 2 1 2 10 -1 2 1 2
-2 1 2 -1 0 =7 | Ry+2R; | 0 1 0 3 2 -3
11 -1 3 1 -1 | Rs— Ry 0 1 0 1 0 -3 | R3s—Rs
1 0 -1 2 1 2 1 0 -1 2 1 2
01 o0 3 2 -3 01032—3%:323’
(00 0 -2 -2 0| FR |00 011 0 2 ¥
1 0 -1 0 -1 2
0 1 0 0 -1 3]
00 01 1 0
~ Thus
r = s+it+2
Y t—3
z = S where s and t are any real numbers.
u = —t
w =t
. . -1 2]\ _[2 3
3. Find a matrix A so that <A—2l 1 _2]> :[3 _2].
Solution:
Transpose both sides of the above equation, we have
A—-2 _1 _; = g _;) , and so

S



