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1. Solve the system:

T — z 4+ 2u 4+ w = 2
-2z + y + 2z - U = -7
z + y - z 4+ 3u 4+ w = -1
Solution:
1 0 -1 2 1 2 — 10 -1 2 1 2 10 -1 2 1 2
-2 1 2 -1 0 -7 Ry +2R; o1 0 3 2 -3 — 01 0 3 2 =3 —
1 1 -1 3 1 -1 Rs — Ry 01 0 1 0 -3 | R3—Ry 00 0 -2 -2 0 (1)1
r = s+t+2
y = t—3
Thus, z = S where s and ¢ are any numbers.
u = —t
w = t
1 2z =z
2. Let A= 2 1 =z
z z 1
(a) Find all values of x so that A is not invertible.
Solution:
1 z =z 1 T x 1 T T 1
detA=|2 1 2| Ro—zR, =0 1-22 z—2%|=(1-2)?|0 1+uz r|=(01-z)? T Y=
r x 1| Rs3—aR; 0 z—2% 1-—22 0 r 14+ z 1tz
(1—x)* 2z +1).
A is not invertible exactly when det A = (1 — z)? (2z 4+ 1) = 0, that is, z = 1 or & = -3
(b) Is it true that if A is not invertible then the system AX = 0 has no solutions? Explain.
Solution: It is not true that if A is not invertible then the system AX = 0 has no solutions, because for
any matrix A the homogeneous system AX = 0 always has a solution, namely, X = 0.
1 2 3 1 01
?).LetAz{2 1 3]andB: 01 1
(a) Find an invertible matrix U such that UA = B.
Solution:
1 2 3 10 Ey 1 2 3 10 — 1 23,1 0] Ri—2Ry |1 0 1
213'01]R2—2R1[0—3—3|—21}§R2[0113_31] — {011|
-1 2
Thus, U = [ 3, 3 }
3 3

(b) Express U~! as a product of elementary matrices.

_ I 1 0 1 0 1
U= EsEyEy, s0o U™ = (B3sE>yE)) 12}3111’“321}331:{2 1}[0 —3}{0

3 —4
4. Let A= { 1 _9 }
(a) Find an invertible matrix P and a diagonal matrix D so that P"1AP = D.
ca(x) =det(A—zl) = S_Ji 72:;1 =B-z)(2-z)+4=22-2-2=(z+1)(z—-2)=0

when x = —1 or z = 2.
Thus, the eigenvalues are \; = and Ay = 2.

To find the eigenvectors corresponding to the eigenvalue —1, we solve the system (A+ 1) X =0

4 —4 0 R1*4R2 0 0 0 R1<—>R2 N 1 -1 0
1 -1 0 1 -1 0 — 0 0 0

—




The eigenvectors corresponding to the eigenvalue —1 are X =t where t is any number.

1
1
To find the eigenvectors corresponding to the eigenvalue 2, we solve the system (A —2I) X =0

1 -4 0 — 1 -4 0
1 =4 0| Re—R; | O 0 O}

The eigenvectors corresponding to the eigenvalue 2 are X =t 11 where ¢ is any number.
1 4 -1 0
P[ll}andD[O 2}
(b) Compute A”.
Solution: .
_ 1 4 (-1) 0 -1 4
7T_ Tp-1 _ 1
R G FE | A [ ey
_ 1|1 4 -1 0 -1 4
o311 1 0 128 1 -1
o114 1 —4
o301 1 128 —128
_ 1| 513 516
31129 —132
_ [ 171 —172
o | 43 —44
2 1 2]
5 Let A '=| -3 -1 -1
5 -
(a) Find det A.
2 1 2 Ri+ Ry -1 0 1 1
Solution: detA™! = | -3 -1 -1 = -3 -1 —-1]|= —’ 1 ' = —2, and so
5 2 1| Rs+2Rs -1 0 -1
1 1
det A= ——— = ——.
¢ det A1 2

(b) Find det (A~ + 2adjA).
1
Solution: det (A~ + 2adjA) = det (A~ + 2 (det A) A™') = det (A_l +2 (—2> A‘l) =det0 = 0.

6. Let A be a square matrix. Prove the following statements:

(a) If A is not invertible then 0 is an eigenvalue of A.

Solution: Suppose that A is not invertible, then the homogeneous system AX = 0 has a non-trivial solution,
that is there exist a nonzero column X so that AX = 0 = 0X, which implies that 0 is an eigenvalue of A.
(b) If A is diagonalizable then AT is also diagonalizable.

Solution: Suppose that A is diagonalizable. Then there exists an invertible matrix P and a diagonal matrix

D so that P~*AP = D. Now, PTAT (P~1)" = (P~14P)" = DT = D. Thus,
pTAT (P-1)" = D. (+)

Let Q = (Pfl)T = (PT)fl. then Q=1 = PT and () becomes Q@ 'ATQ = D which implies that AT is
diagonalizable.

7. For the following, express your answers in the form a + bi where a and b are real numbers.
(a) Compute (1 — /3i) )
Solution:



o 10
(1-v3i)"° = (261(*§)>
—  910,i(—5")
= 20 (cos (—197) + isin (—197))
= 21 (—% + Y3
= —512+512/3i
(b) Find all complex numbers z so that z* = —16.



8. Cousider the points A (2,1,—2), B(4,1,0) and C (6,3,0).
(a) Find the internal angles of the triangle with vertices A, B and C.
Solution: Let «, 3, be the angles at A, B, C respectlvely

ABeAC  _ [202]Te422]" _ 12 _ 3
Since « is the angle between AB and AC’ cosa = ||AB||||ACH NCeT =55~ 2 and so
m
Similarly, 3 is the angle between BA and BC cosff = ”BA‘H‘BCCH = [£20. }T\}[z 2017 %4 = _71 and so
27
p= 5 ,
T T 0
L S 1 = — = — — FR— — —
astly, y=7n— («+8)=n <6+3) G

(b) Find an equation of the plane containing the points A, B and C.

. L= 115 A 1 T T T T
Solution: A normal of the plane is W = ;AB x AC = 7[2,0,2]" x [4,2,2]" = [1,0,1]" x [2,1,1]" =
[-1,1, l]T and so an equation of the plane is —x +y + 2z = —3.

9. Let P; be the plane with equation x + 2y — z = 2 and P» be the plane with equation 2x —y + z = 2. Let
L be the line of intersection of the planes P; and Ps.

(a) Is the point A(1,1,1) on both of the planes P; and P»? Explain.

Solution: Yes, the point A(1,1,1) is on both of the planes P; and P, because its coordinates satisfy both
equations of the two planes.

(b) Find an equation of the line L.

Solution: Since L lies in both planes, it is perpendicular to both of the normals n; and n3 of the planes,
we can choose a direction of the line to be d = n; x ngy = [1,2, fl]T x [2,—1, I]T =[1,-3, 75]T, and from
part (a), a pont on L is A(1,1,1).Thus an equation of L is [z, y, Z]T =11, 1}T +t[1,-3, —5]T

(c¢) Find the shortest distance between the point B (4,—3,—3) and the line L, also find the point @ on the
line L that is closest to B. .

Solution: @ on the line L, so the coordinates of @ is @ (1 +¢,1 — 3t,1 — 5¢) and therefore, BQ = [t — 3,4 — 3t,4 — 5t]T.
Since @ is the point on the line L that is closest to B, we have B_Cj od = 0, that is, (t—3)—3(4—3t) —
5(4 —5t) = 0 which gives ¢ = 1. Thus the coordinates of @ is Q (2,—2,—4) and the shortest distance

between the point B (4, —3, —3) and the line L is BQH = H -2,1, H =

10 .Let T : R2— R? be a linear transformation such that T_[i] = Bl and T[g =
(a)Find the matrix of T’ that is, find a matrix A so that Tv = A% for all v €

L 2 2 1 3 3 2 2
Solution: Since Tm = Am = [2] and T[Q] = A[Q] = [1], we get A{ 1
A v 2yr2 8] _fr2][e 3]_[o0 1

1201 1 2 201 -1 2 13 4
(b) Is T invertible? If T is invertible, find the matrix of 7.
Solution: T is invertible because its matrix is invertible (note that det A = —3), and the matrix of 7!

4 1
-1 _
(c) Is there a vector @ € R? so that T@ = [_7 17 If so, find @

. . _ s 4 17[ =3 o
Solution: Yes, in fact, @ =T~ (Ta)=T""' = A1[7]:3[3 0}{ }:é{ }

End of Examination



