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MATH 271 SPRING 2003
WORKSHEET

For the exercises 1- 6 , determine whether the statement is true or false. Prove
your answer.
1. For all integers n, 3n2 + 5n− 1 is odd.
2. For each positive real number x, there is a real number y such that y2 = x.
3. For each positive integer x, there is an integer y such that y2 = x.
4. For all non zero real numbers x, there is a real number y such that x− 2y = 1.
5. For all positive integers x, there is a integer y such that x− 2y = 1.
6. There is a integer y such that for all positive integers x, x− 2y = 1.
For the exercises 7- 11
(a) Determine whether the statement is true or false.
(b) State the converse of the statement and determine whether it is true or

false.
(c) State the inverse of the statement and determine whether it is true or

false.
(d) State the contrapositive of the statement and determine whether it is

true or false.
Prove your answers using ONLY the definitions of rational and irrational num-
bers and the fact that

√
2 is irrational.

7. For all integers a and b, if both a and a2 − b2 are even then b is even.
8. For all real numbers a and b, if both a and b are irrational then ab is irrational.
9. For all real numbers a and b, if both a+ b and a− b are irrational then a is rational.
10. For all real numbers a and b, if a + b is rational and a − b is irrational then a is
irrational.
11. For all real numbers a 6= 0 and b 6= 0, if

a

b
is rational and b is irrational then a is

irrational.
12. Prove or disprove the following:
(a) For all sets A,B and C, (A−B)− C ⊆ A− (B − C).
(b) For all sets A,B and C, (A−B)− C ⊇ A− (B − C).
(c) For all sets A,B and C, (A−B)− C = A− (B − C).
13. Prove or disprove the following:
(a) For all sets A,B and C, (A−B) ∩ (C −B) ⊆ (A ∩ C)−B.
(b) For all sets A,B and C, (A−B) ∩ (C −B) ⊇ (A ∩ C)−B.
(c) For all sets A,B and C, (A−B) ∩ (C −B) = (A ∩ C)−B.

14. Prove or disprove the following:
(a) For all sets A,B and C, 2A∪B ⊆ 2A ∪ 2B.
(b) For all sets A,B and C, 2A ∪ 2B ⊆ 2A∪B.
(c) For all sets A,B and C, 2A ∪ 2B = 2A∪B.

15. Prove or disprove the following:
(a) For all sets A,B and C, 2A×B ⊆ 2A × 2B..
(b) For all sets A,B and C, 2A × 2B ⊆ 2A×B.
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(c) For all sets A,B and C, 2A×B = 2A × 2B.
16. Prove or disprove the following:
(a) For all sets A,B,C and D, (A ∪B)× (C ∪D) ⊆ (A× C) ∪ (B ×D).
(b) For all sets A,B,C and D, (A ∪B)× (C ∪D) ⊇ (A× C) ∪ (B ×D).
(c) For all sets A,B,C and D, (A ∪B)× (C ∪D) = (A× C) ∪ (B ×D).

For the exercises 17- 21 , determine whether the statement is true or false.
Justify your answer.
17. For all sets A,B and C, if A ∩ C = B ∩ C then A = B.
18. For all sets A,B and C, if A− C = B − C then A = B.
19. For all sets A,B and C, if A ∩ C = B ∩ C and A− C = B − C then A = B.
20. For all sets A,B and C, if B ∩ C ⊆ A then (C − A) ∩ (B − A) = ∅.

21. (a) 2(2
∅) = ∅.

(b) ∅× ∅ = ∅ .
(c) 2∅×∅ = {∅}.

22. Let R = {(a, b) ∈ R2 | a− b ∈ Z} be a relation on R, the set of all real numbers.
(a) Show that R is an equivalence relation on R.
(b) What is the equivalence class of 1?

23. The followings are binary relations on {0, 1, 2, 3}.
R1 = φ .
R2 = {(0, 0), (1.1), (1, 2), (2, 1), (2, 2), (3, 3)} .
R3 = {(0, 0), (1, 1), (2, 0), (2, 1), (2, 2), (2, 3), (3, 3)}.
R4 = {(0, 0), (1, 1), (2, 2), (3, 3)}.
R5 = {(0, 0), (1, 1), (2, 2), (3, 3), (1, 0), (3, 0), (2, 1), (2, 3)}.
(a) Which of the above relations are reflexive?
(b) Which of the above relations are symmetric?
(c) Which of the above relations are antisymmetric?
(d) Which of the above relations are transitive?
(e) Which of the above relations are equivalence relations?
(f) Which of the above relations are partial orders?

24. Let A be a subset of the set of all real numbers. Define a relation R on A by:
(a, b) ∈ R if and only if a = b or a ≤ b+ 2.
(i) Show that R is a partial order on A.
(ii) Draw the Hasse diagram of the poset (A,R) when A = {0, 1, 2, 3, 4, 5, 6}.
(iii) Give two linear extensions of R when A = {0, 1, 2, 3, 4, 5, 6}.

25. Let A be a subset of the set of all real numbers. Define a relation R on A2 by:
(a, b)R(c, d) if and only if a ≤ c and b ≥ d.
(i) Show that R is a partial order on A.
(ii) Draw the Hasse diagram of R when A = {0, 1, 2}.
(iii) Give two linear extensions of R when A = {0, 1, 2}.
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26. In this question, a and b are integers. Let P be the statement : “if a | b and a | c then
a | b+ c and a | b− c.” and let Q be the statement : “if a | b and a | c then a | b+ c and
a | 2b+ c.”.
(a) Is P true? Prove your answer.
(b) State the converse of P. Is the converse of P true? Prove your answer.
(c) Is Q true? Prove your answer.

(d) State the converse of Q. Is the converse of Q true? Prove your answer.

27. For each of the following statements, determine whether the statement is true or false
and prove your answer.

(a) For all integers y, there is an integer x so that x2 + x− 2 = y.
(b) For all integers y, there is an integer x so that 2x− y + 7 = 0.
(c) For all rational numbers a, there is a positive integer m so that am is an integer.

(d) There is positive integer m so that for all rational numbers a, am is an integer.

28. Let P be the statement: “If A4B ⊆ C then A−B ⊆ C −B.”
(a) Is P true for all sets A, B and C? Prove your answer.
(b) Write the converse of P. Is the converse of P true for all sets A, B and C? Prove your
answer.

29. Let A ⊆ Z where Z is the set of all integers. Let R be a relation on A defined by:

for all a, b ∈ A, (a, b) ∈ R if and only if 3 | (a+ 2b).

(a) Show that R in an equivalence relation on A.

(b) When A = {−5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, list all the elements of the
equivalence class [5].

30. An urn contains nine white balls numbered from 1 to 9 and nine black balls numbered
from 1 to 9. Five balls are chosen from the urn. Answer each of the following question
with a brief explanation.

(a) In how many ways five balls can be chosen in which there are more black balls than
white balls?

(b) In how many ways five balls can be chosen so that the sum of the numbers on the
chosen balls is even?
31. Let P be the statement:

“If A ⊆ B ∪ C and B ⊆ C ∪A then A4B = C.”

and let Q be the statement:
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“For all sets A,B and C, if A4B = A4C then B = C.”

(a) Is P true for all sets A,B and C? Prove your answer.
(b) Is Q true? Prove your answer.

(c) Write the converse of P. Is the converse of P true for all sets A,B and C? Prove your
answer.

32. Let A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Let R be a relation on 2A defined by:

For all X,Y ∈ 2A, XRY if and only if X ∪ (A− Y ) = A.

(a) Is R reflexive? irreflexive? symmetric? antisymmetric? transitive? Prove your an-
swers.

(b) Is R an equivalence relation on 2A? Explain.

(c) Let S = {1, 3, 5, 7, 9}. How many T ∈ 2A are there so that SRT? Explain.

33. Let A = {1, 2, 3, 4}. Let R and S be relations on A. Prove or disprove each of the
following statements:

(a) If R and S are symmetric then R ∪ S is symmetric.
(b) If R ∪ S is symmetric then R and S are symmetric.
(c) If R and S are antisymmetric then R ∪ S is antisymmetric.
(d) If R ∪ S is antisymmetric then R and S are antisymmetric.

34. The sequence a0, a1, a2, · · · is defined as follows: a0 = 2, a1 = 3, and for any integer
n ≥ 2, an = 3an−1 − 2an−2.
(a) Find a2, a3, a4 and a5.
(b) Guess a formula for an for all integers n ≥ 0.
(c) Prove by induction that your guess is correct for all integers n ≥ 0.
(d) Find a formula for an which involve only one preceding term. Prove your answer.

35. The sequence b0, b1, b2, · · · is defined as follows: b0 = 1, b1 = 3, b2 = 5, and for any
integer n ≥ 3, bn = 3bn−2 + 2bn−3.
(a) Find b3, b4, b5 and b6.
(b) Prove that bn > 2

n for all integers n ≥ 1.
(c) Prove that bn < 2

n+1 for all integers n ≥ 1.
(d) Prove that bn = 2bn−1 + (−1)n−1 for all integers n ≥ 1.

36. In a computer system, the users are required to have a password which must satisfy
the following conditions:
· A password must be 6 characters long.
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· The characters available are: 26 letters of the alphabets ( upper case are distinct from
lower case), 10 numerics (digits) and 32 special symbols.
· A valid password must contain at least one special symbol.
· A valid password can not begin nor end with a special symbol.
· A valid password must contain at least two alphanumeric characters ( letter or digits).
Find the number of valid passwords available.

37.(a) Let A be a set of m elements and B be a set of n elements. How many functions
are there from A to B?

(b) Let A be a set of m elements and B be a set of n elements where m < n. How many
one-to-one functions are there from A to B?

(c) Let A be a set of m elements and B be a set of 2 elements. How many onto functions
are there from A to B?
(d) Let A be a set of n elements. How many bijections are there from A to A?

38. An urn contains 7 white numbered balls and 5 black numbered balls.

(a) Find the number of ways of choosing 6 balls so that there is an odd number white balls.

(b) Given that 6 balls are selected. What is the probability that there are exactly three
balls of each colour are chosen.

39.An urn contains 10 white numbered balls numbered from one to ten and 10 black balls
numbered from one to ten.

(a) Find the number of ways of choosing of 6 balls in which there is at least one white ball.

(b) Find the number of ways of choosing 6 balls so that the numbers on these balls are
distinct.

(c) Find the number of ways of choosing 6 balls so that there are more black balls than
white balls.

40. Let A be a set of n elements. Define a relation R on 2A by (X,Y ) ∈ R if and only
if |X ∪ Y | = n.
(a) Find the number of elements of R.
(b) Select an element (X,Y ) ∈ R and suppose that every element of R are equally likely
. What is the probability that |X|+ |Y | = n.
41. Let A be a set of 6 elements. Define a random variable X on 2A by X(B) =| B | for
all B ∈ 2A. Assuming that all subsets of A are equally likely, find the expected value of
X.


