Laurie:

Would you be so kind as to post the attached files onto the course website.
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Applied Mathematics 309 Assignment #2



due date: February 27, 2004



1. Recall the old wind chill formula



W (T, V ) = 91 + (0.44 + 0.325
√



V − 0.023V )(T − 91),



as well as the revised (November 2001) one



W (T, V ) = 35.74 + 0.6215T − 35.75V 0.16 + 0.4275TV 0.16.



Also recall that the celsius temperature C and the fahrenheit temper-
ature F are related by



9C − 5F + 160 = 0.



Simultaneously plot, for C = −10, the graphs of the old and new wind
chill factors, with the wind speed on the abcissa and the wind chill on
the ordinate. Give a commentary on the difference. You will probably
want to use a computer to draw an accurate plot, and may wish to
use a free graphing program, such as gnuplot.



2. Describe all possible level sets for the function



f(x, y) = 1 − (x2 + y2
− 1)2.



3. By finding two different paths to the origin, show that the limit



lim
(x,y)→(0,0)



x2y



x4 + y2



does not exist.



4. Let A be the matrix



A =



(



x1 x2



x3 x4



)



,



and F (x1, x2, x3, x4) = A−1.



(a) What is the domain of F ?



(b) Compute the partial derivatives of F .
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5. Show that u(x, t) = 2k2sech2(k(x − 4k2t)) is a solution (the famous
soliton) of the KdV equation



ut + 6uux + uxxx = 0.



6. Spherical coordinates (ρ, θ, φ) are defined by



x = ρ cos θ sinφ



y = ρ sin θ sinφ



z = ρ cos φ



Compute Laplace’s equation uxx + uyy + uzz = 0 in spherical coordi-
nates.



7. (Extra for experts). A function f(x, y) is called homogeneous of degree
k if



f(ax, ay) = akf(x, y).



(a) Find the most general polynomial of the two variables x and y



that is homogeneous of degree three.



(b) Prove Euler’s theorem on homogeneous functions:



xD1f(x, y) + yD2f(x, y) = kf(x, y).
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Applied Mathematics 309 Practice #3



1. Suppose we define the eccentric anomaly by the equation s = p·q−2ht,
and let r = |q| be the radial distance. Show that



ds



dt
=



1



r
,



so that s really is the eccentric anomaly. Note: As old as the Kepler
problem is, this trick was only discovered by Souriau in 1983!



2. Show that the eccentricity vector



e =
1



k
(p × j) −



1



r
q



is a constant of motion of the Kepler problem.



3. The effective potential and one-dimensional motion. If we just study
the radial part of the motion of a planet in the Kepler problem, it
turns out that the radial distance r behaves as if it was moving in the
potential field



V (r) =
µ2



2r2
−



k



r
.



Sketch a graph of V (r) for r > 0. Where does V ′(r) = 0? To what
does this motion correspond to? The constant µ is the length of the
angular momentum vector, µ = |j|.



4. Let r =
√



x2 + y2. For what value(s) of n is rn a harmonic function?
That is to say, u(x, y) = rn satisfies the Laplace equation



∂2u



∂x2
+



∂2u



∂y2
= 0



5. Show that u(x, t) = 2k2 cosh−2(k(x − 4k2t)) where k ≥ 0 is a solution
of the KdV equation



∂u



∂t
+ 6u



∂u



∂x
+



∂3u



∂x3
= 0.



It is a good exercise to plot this curve on a computer so that you get
an accurate idea of what it looks like, as this is the famous soliton.
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Applied Mathematics 309 Practice #4



1. What is the natural domain of



f(x, y) = arcsin



(



1
√



3 − x2 − 2y2



)



2. Consider the function defined for (x, y) 6= (0, 0) by the formula



f(x, y) =
xy



x2 + y2
.



A reasonable thing to attempt is to try to make this function defined
everywhere by taking the limit as we go to the origin. To see the
difficulty, compute the limit along the straight lines y = kx of slope k



lim
x→0



f(x, kx).



3. Find the coordinates of all points on the surface with equation



z = x4 − 4xy3 + 6y2 − 2



where the surface has a horizontal tangent plane.



4. Compute the first partial derivatives of f(x, y) =
√



x2 − xy. Where
are these derivatives defined?



5. Find D1g, D2g, D1(D1g), D1(D2g), D2(D1g) and D2(D2g) of



g(x, y) = exy
2



.



6. Show that f(x, y) = log
√



x2 + y2 satisfies the partial differential equa-
tion



fxx + fyy = 0.



7. If f(x) = (x2, π(x−1)/2, 2x−3), g(x, y, z) = x2 cos(yz), and h = g◦f ,
find the derivative



dh



dx



when x = 2.
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