Solutions to AMAT 309 Quiz 3  March, 2006 M. Hamilton, J. Macki

1. Find and classify all critical points of f(x,y) = 22* — zy* 4 2y*.

We compute f, = 8z° —y*, f, = —2zy + 4y, and set both equal to zero to find the
critical points:
8% =47, 2y[2 — 2] = 0.

This pair of equations has the solutions + =2, y = +8 and y =0, z = 0.
To classify, these points we first need the second partials:

fow = 242, foy = =2y, foy — 22 + 4.
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with eigenvalues 0 and 4, so we have no information.

At (2,—8), we have

At 0,0), the Hessian is
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and the determinant is negative, so it is a saddle. At (2,8), we have
96 —16
—16 4|7

which also has negative determinant, so it is a saddle.
2. Find all extrema of f(z,y) = 2° + y°, subject to the constraint z + y = 2. Restrict
your search to 0 < z and 0 < y.

We use Lagrange multipliers:
327 = )\, 3y? = A, r4+y=2.

Then z? = y?, so x = dy, since x + y = 2 we must have x = y. Thus x = 1, y = 1.
At this point f(1,1) = 2. ( This is in fact a minimum, the max is attained at the
boundary point (0,2) and (2,0), and is not discovered by Lagrange.)

3. Find the shortest distance from the origin to the surface ?y*z = 1.

We are trying to minimize f(x,y,z) = 2?4 y*+ z* subject to the constraint z?y?z = 1.
So we use Lagrange:

20 = 2 ry’z, 2y = 2\xyz, 2z = \zly?, 2iyty = 1.

If we multiply equation 1 by x, equation 2 by y, and the third equation by z, in each
case the last equation (the constraint) can be used to reduce the new right hand side
to A:

vt =)\, 227 =\ ity = 1.
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If we use the right side of the first three equations to form the product z%y?z, we
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=2 =421, y=42, =275

conclude that

(z must be positive by the constraint equation). So we have the critical points
(2%7211_072_%)7 (_2%7211_072_%)7 (2%7_2%72_%) (_211_07_2%72_%)‘

The distance function has the same value at each of these points,
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