10.

11.

SOLUTIONS

cA=[T 2]; <b>A:é[8 ‘62]-

() A=4B; (b) A= —2BT

Every 1 x 3 matrix A can be written in the form A = { a b c } for some scalars a,b and c.
Hence

A=la 0 0]+[0 b 0]+[00 c|]=a[1 0 0]+b[0 1 0]+c[0 0 1]

a 1 0 0
IfA=| b |isa3xlmatrixthen A=a| 0 |+b| 1 |+c| 0 | in the same way.
c 0 0 1
If A= —A then adding A to both sides gives 24 = A+ (—A) = 0. As 2 # 0, this means
A=0.
Suppose A is symmetric, that is AT = A. Then (cA)T = ¢ AT = cA using Theorem 4 §1.1,

that is cA is symmetric.
(A" = ((-1)A)T = (-1) AT = — AT by Theorem 4 §1.1.

If A and B are symmetric then AT = A and BT = B. Hence Theorem 4 §1.1 and Exercise 6
give (A— B)T = (A+ (-B))" = A" + (-B)" = AT + (-B") = AT — BT = A — B. Hence
A — B is also symmetric.

(a) If A is skew symmetric and 2 x 2, write A = “ d ] for some scalars a, b, c and d. Since
AT = —Awehave | ¢ ¢ = | ¢ b | ¢ b Equating entries gives a = —a

b d c d —c —=d |’ ’
¢ = —band d = —d. Hence A = _Ob 8 for some scalar b.

(b) If A and B are skew-symmetric then AT = —A, and BY = —B. Hence (A + B)T =
AT + BT = —A+(—B) = —(A+ B), so A+ B is skew symmetric. Similarly, (cA)T = c AT =
c¢(—A) = —(cA) shows that cA is skew-symmetric for any scalar c.

As in the Hint: §(A+A")4+5(A—AT) = JA+ AT +5A— S AT = A Tf we take S = 5(A+AT)
and W = 1(A — AT) then A =S+ W and:

ST = (AT + ATT) = 2(AT + A) = S, so S is symmetric,

W =1(AT — ATT) = L(AT — A) = =W, so W is skew-symmetric.

a)ry =—1—-2r—3s—t,xzo=r,23=2+s—t, x4 =35, v5 =t and x4 = 3.

b)xy=—-1—-Ts—t, 29 =0,23 =35, x4 =3+ 3t, x5 =t and xg = 0.

c) rank is 2 if a = 5, and rank is 3 if a # 5.

(

(

(a) rank is 3 (b) rank is 2

(

(d) rank is 2 if @ = 1, and rank is 3 if a # 1.
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14.

15.
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17.
18.

19.

20.

The rank r of the augmented matrix satisfies » < 5 because there are 5 equations. Hence
there are 7 — r > 2 parameters by Theorem 3 §1.2, and so there is more than one solution.

The system may have no solution. So assume it is consistent. The rank of the augmented
matrix is » = 4, and there are n = 4 variables, so there are n — r = 0 parameters. In other
words, the solution is unique.

The solutions are the coordinates of points lying on all three planes. If the three planes are
all parallel, there is no solution unless they all coincide, in which case there are infinitely
many solutions (any point on the common plane). If two of the planes are not parallel, they
intersect in a line. If this line is not parallel to the third plane, it meets it in a unique solution;
otherwise the line is either in the third plane (infinitely many solutions) or it does not meet
the third plane (no solution).

If A — B by a row interchange, the reverse is the same interchange.
If A — B by multiplying a row by ¢ # 0, the reverse is multiplying by 1/c.

If A — B by adding ¢ times row i to row j, the reverse is subtracting ¢ times row i from row
J-

bi + C; bz + C; bz + C; bz + C; C; a; a;
¢+ a; — a; — bz — 26LZ‘ — a; — a; — C; — bZ
a; + bz a; + b, a; + bl bz bZ bZ C;

> +y? =3z —3y—35=0.

f(x) =1-2x+ 322

b)If a=-3, 1 =9, 29 = —btand 3 =t; ifa# —3, 11 =1y=123=0.
)If a # 0 and a # —1, then x; = x5 = 3 = 0;

If a =0 then 3 =0, r1 = —t and x5 = t;

If a = —1 then 1 = 3t, 19 = —2tand x3 = t.
(d) If a # 1 and a # —1, then 1 = x5 = x3 = 0;

If a =1 then 3 =0, xr1 = —t and x5 = t;

a)lfa=2 2=t zo=tandzg=t; ifa#2, 21 =x9=23=0.
c

(
(
(

If a=—1then z; =t, 2o = 0and x5 = t.

(a) If zA 4+ yB + zC = 0 then equating corresponding entries gives
x + 2z =0
-r + 3y + z = 0
y + 22 =0
The only solution is x = y = z = 0, so {A, B, C} is linearly independent.

(b) 3 [ _11 1 +2 [ g 1 -3 [ 1 1 = [ 8 1 so these matrices are not linearly independent.
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27.

28.

29.

30.

31.

Given points (z1,y1) and (x2,y2), the line with equation ax + by + ¢ = 0 passes through these
points if axy + by; + ¢ = 0 and axs + bys + ¢ = 0. These are two homogeneous equations in
the three variables a, b and ¢, and so has a nontrivial solution by Theorem 1 § 1.3. The line
corresponding to this solution will contain both points.

Given points (z1,y1, 21), (%2, y2, 22), and (x3, y3, 23), the plane with equation ax+by+cz+d =
0 passes through these points if ax; + by; +cz1 +d = 0, ary + by; + czo +d = 0 and
axy + by, + cz3 +d = 0. These are three homogeneous equations in the four variables a, b, ¢
and d, and so has a nontrivial solution by Theorem 1 § 1.3. The plane corresponding to this
solution will contain all three points.

zyz"=[1+3t 1-5¢ t]'.

10 2 1
01 -1 -3
00 0 0
[y =3 -4 =3

[Ty 2o w3 g w5 )T =[24+s—-5t s —3-2t 2t t]T.

1 -1 2 a 1 -1 2 a 1 0 1 b—a
2 -1 3 b|—|10 1 -1 b—-2a|—1]01 -1 b—2a
-1 2 =3 ¢ 0 1 -1 c+a 00 0 c+3a—-2b

Hence if ¢ # b — 3a there is no solution.

If ¢ = b — 3a there are infinitely many solutions: [z y 2]" =[b—a—t b—2a+t t]7.

1 -1 2 a 1 -1 2 a 1 -1 2 a
21 -1 3| —-10 3 -5 3—2a|—10 3 -5 3—2a
1 5 81 0 6 —-10 1-—a 0 0 0 3a—5

Hence if a # g there is no solution.
If a = g there are infinitely many solutions.
1 0 -1 2

01 -1 3
many solutions:  =2+t, y=3+1t, z =1.

False. If l 1 is the augmented matrix, there is no row of zeros but infinitely

The reduction of the augmented matrix to reduced row-echelon form is:
1 -1 2 2 3 —4 10 0 0 —2 -1
-2 3 -6 -3 —-11 11 R 01 -2 0 -5 3

-1 2 -4 1 -8 7 00 0 1 0 O
o 1 -2 3 -5 3 00 0 0 0 O
Hence [z1 w9 x3 14 x5)T = [-1+2t 3+2s+5t s 0 t]7.
1010 -2 -2
0100 O 3
0001 1 6



32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.

() 3AB + 4BA.
(b) AB — BA
(c) CA’C — ABCB
(d) 0
r 2 2
If A= Z Z then 0 = A% = ;b—tlly)d Zgig@l . Hence a® + > = 0 = b + d? and it

follows (since a, b and d are real numbers) that a = b = d = 0. Hence A = 0.

a4+ b+ aay + bby + ccy
| aay +bby +eey a0+
Since A has real entries, this means a =b=c¢ =0 and a; = b; = ¢; = 0; that is A = 0.

AAT =

] . S0 AAT = 0 means a®+b?+¢* =0 = af + b3 +cf.

Write B = AAT. Using Theorem 1 §1.4, we get BT = (AAT)T = ATTAT = AAT = B. Hence
B is a symmetric matrix.

We are given that CA = AC and CB = BC. Hence
C(24 — 3B) = 2CA — 3CB = 2AC — 3BC = (2A — 3B)C.
Hence 2A — 3B commutes with C' too.

We use Theorem 3 §1.5.

R S R tH R |

HenceAT:?)[; _011-1—[1 _11:[4 _1]7SOA:ATT:[4 5].

We use Theorem 3 §1.5.

A—2[—(A—2[)11—{A1[_01 ;Hl—[ 0 1]11411_1[3 _1],4.

w2 a1 Jas o n]- [ 9 )
=[] {5 S]]

If it happens that A™1 exists, then AX = 0 gives A7'AX = A710, that is /X = 0, that is
X = 0. This is contrary to our assumption, so A~! does not exist.

I
| — |
|
[\
—_ =
| S |
=
-
D
=
@)
¢}

U is invertible because detU = 15+ 28 # 0. So AU = 0 gives A = Al = AUU! =0U~! = 0.

Since B is invertible, we have A = (AB)B™!, and this is invertible by Theorem 3 §1.5 because
both AB and B~! are invertible.

Since AB = cI, multiplying by % gives A(:B) = I. Hence (2B)A = I by Corollary 2 of
Theorem 5 §1.5. Multiplying by ¢ gives BA = cI, as required. The result is false if ¢ = 0,

even for 2 X 2 matrices: IfA:[O 1]andB: [(1) (1)] then AB =0 but BA # 0.

0 0

4
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49.

50.

51.

Write the equation A* —2A% +5A4+ 61 = 0 in the form A(A? —2A+5) = =61 so A- () = I.
Similarly $(—A? + 24 —5) - A = I. These equations show that A is invertible and that
Al =5(—A%+2A-5).

Showing that A=! = A is the same as showing that A? = I. Since we have E? = F, we have

A* = (I -2E)? =(I—-2E)I —2E)=1>-2IE —2E] +4F* =] —2E — 2E +4F = I.

—-10 4 3
Using the matrix inversion algorithm (or otherwise), we have A~' = | —8 3 2
-3 11

If row 1 of A consists of zeros then YA =0 where Y = [100 --- 0]. Hence if A™! exists then
Y =YI=YAA' =0A"! =0, a contradiction. So A~! does not exist.

To solve AX = B, left multiply both sides by A~! to get A=!AX = A™!B, that is X = A~'B.
So every solution (if there is one) must equal A~'B. But X = A7!B is indeed a solution
because AX = A(A™'B) =IB = B.

a+2x b+2y c+2z a+2x b+2y c+2z
det| z+p y+q z4+7r | =3det| z+p y+q z+r
3p 3q 3r P q r
a+2x b+2y c+ 2z a b c a b c
= 3det x Yy z =3det| v y 2z |=-3det| p q r | =—15.
p q r p qr r 'y z
1 ¢ 0 1 0 0 9 ¢
Compute det | 2 0 ¢ | =det|2 —2¢ ¢ | = detl 9 ] = c(c®—-1) =
c —1 1 c —1—c 1
cle=1)(c+1).
Hence the matrix is invertible if ¢ # 0, 1 and —1.
1 -1 217" 1 2 1
Using the matrix inversion algorithm we have | —1 0 1 =| -2 —4 -1
2 1 0 1 3 1
The equations are AX = B in matrix form where B = [3 0 1]7, so the solution is
1 2 1 3 4
X=A1'B=| -2 —4 -1 0|=1| -7
1 3 1 1 4
2 a+2p p—3x T a+2p p—3x T a+2p p
detB=det| 2y b+2q q—3y | =2det |y b+29 q—3y | =2det|y b+2q q | =
22 ¢c+2r r—3z2 z c+2r r—3z z c+2r r
x o a p r Yy z a b c
2det |y b q | =2det| a b ¢ |=-2det| xz y =z
z ¢ r p q r p q r
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56.
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38.

1
detB 6

a b c
= 2det { poq T ] = 2detA = 6. Finally det(—2B~') = (—2)3
Ty z

If A2 = —T then (detA)? = det A*> = det(—1I) = (—1)® = —1. This is impossible as detA is a
real number.

pt+xr gty r+=z p—a qg—b r—c 2p 2q 2r
det | a+x b+y c+z |=det| a+x b+y c+z |=det|a+x b+y c+z
a+p b+q c+r a+p b+q c+r a+p b+q c+r
p q r p q r p q T
=2det| a+x b+y c+z | =2det| a+x b+y c+z | =2det| x y =z
a+p b+q c+r a b c a b c
a b c a b c
=—2det| x y z|=2det| p q 7 |.
P q T Ty z
1 a p gq l—ax a p ¢q
x 1 b r 0 1 b r {1 b ]
det | °, = det (1—ax)det| = 1 ¢
z x 1 c 0 r 1 ¢ 2
2 2? ax 1 0 22 oz 1 ol

1—bz b
= (1 — ax)det 0 1
0 x

[a 3—a a+1 a 3 1
(a) | b 3—b b+1 | — | b 3 1| soA haszero determinant.
| ¢ 3—c c+1 c 31
a a b c
(b) | a+b 2() c + b|—|b b b | soAhaszero determinant.
3 3 3 3
detB = det | ©TC¢ 2| = “ | = 2det(AT) = 2detA = 4. Hence
N b+d 2d d| n o
1
det(A2BTA™') = (detA)* detB =8.
et( ) = (detA)detB 204
r—1 2 3 r—1 -1 -1 r—1 0 0
det 2 -3 -2 | =det 2 -3 -2 | =det 2 -5 x—-4
-2 x =2 -2 T -2 -2 z+2 0
—(x —1)(z +2)(x — 4). Hence the determinant is zero if z = 1, —2 or 4.
If A2 = 3A then (detA)? = det(A?) = det(3A) = 3'det A. Hence either detA = 0 or detA =

3% =381.
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60.

61.
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65.

3 -3 0 3 -3 0 3 0 0 ¢ a
det | c+5 =5 3a | =3det| ¢c+5 =5 a | =3det| ¢c+5 ¢ a :3{3det[d b]}
d—2 2 3b d—2 2 b d—2 d b
a ¢
:—9detlb d} = —9detA = 27.

If AB = —BA then detAdetB = det(AB) = det(—BA) = (—1)"det(BA) = —detAdetB.
Since det A and detB are numbers, this gives 2detA detB = 0. Hence detA = 0 or detB = 0.

We have A~! =
e have Toi
4 x 4, this gives

adjA = %ade, so adjA = 2detA. Using the fact that A~! is of size

det(A™' —6adjA) = det(15A™ — 12A47Y) = det(3 A1) = 3*det(A™") = 81

(a) detA = 2> —c—1 = (2c+1)(c—1) so A is invertible unless c = = orc = 1. If ¢ # —1 and
1 2c+1 —2c-1 0
c#1lthen A l= ———| —2+¢ c —c+1 .
22 —c—1

—1—-c c+2 2Z-c

1
(b) Here detA = 2 for all values of ¢, so A is invertible and A~! = 5 { c 1 —c

In each case we use Theorem 3 §2.2 twice.
A X Y ] B 7
(a)det | 0 B Z | =detAdet = detA (det B detC') = —6.
0 C
0 0 C |
A X 0 D%
(b)ydet| 0 B 0 | =det l 0 B ] detC = (detAdetB)detC' = —6.
Y Z C |
. e 0 I 0O B| | AX 0 I 0 B | _
AsmtheHmt.[1.3OllAX]—[OB].HencedetllgOldetlAX]—
detA detB. But det [ }) {)2 = 1 by direct calculation, and the result follows.
3
ca(z) = det l _1:2 90123 ] =(x—1)(z+4)so A\ =1and Ay = —4 are the eigenvalues.
1 -2 1 -2 2. ,
)\1]—14:[_2 4 ]_)_O 0 ],so)ﬁ:[l]1sanelgenvect0r.
—4 =2 (21 ~-1]. :
)\QI—A—[_Q _1]—>_0 O],szg—[ 9 ]1sane1genvector.
- 2 -1 an A A0 ] 10
Hence P = [X; X5] = l 12 has P AP—D—[ 0 )\2]— [O _4].
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ca(z) = det [ m_—|—42 x_—ll ] = (x —2)(z + 3) so Ay = 2 and Ay = —3 are the eigenvalues.

4 -1 [
wiea-[ 4 -

—1

1. .
0 ] , 80 X = [ 4 ] is an eigenvector.

T 1T
O = O =

-1 -1 1 -1 |. .
)\QI—A—[_4 _4]—> Ol,SOXQ—[ 1 ]1sanelgenvect0r.
B 1 -1 b | M O] _[2 0
HenceP—[Xng]—[4 1—hasP AP—D—[O )\2]—l0 _3].
SOLUTION 1. cy(z) = det 317 x_—12 = (z — 1) so A\; = 1 is the only eigenvalue (of
1 -1 1 -1

multiplicity 2). Here \I — A = 1 , 80 Xp = [ !

1 1 is the only basic

H
1 -1 0 O
eigenvector. Hence A is not diagonalizable by Theorem 5 §2.3.

SoLuTIioN 2. If A were diagonalizable, there would exist an invertible matrix P such that

P1AP — [ A0

0 A\ ] = I. Hence A = PIP~! = I, a contradiction. So A is not diagonalizable.
1

Let A* = 0 where k > 1. If \ is an eigenvalue of A then AX = A\X for some eigenvector
X # 0. Hence 42X = A(MX) = AMAX) = AMAX) = AX. Similarly, 43X = MX, and
eventually A*X = M X. Since A* = 0, this gives \*X = 0, and so \¥ = 0 because X # 0.
Thus A = 0.

Since A is diagonalizable, there exists an invertible matrix P such that P~1AP = D is
diagonal. But the diagonal entries of D are just the eigenvalues of A in some order, so D =0
by hypothesis. Hence P~1AP = 0, so that A = POP~! = 0.

If A is an eigenvalue of A then AX = AX for some eigenvector X # 0. Then (as above)
A2X = N?X. But A? = A so this gives A>’X = AX = AX. Hence (\> — \)X = 0, whence
A? = X because X # 0. This means that A = 0 or A\ = 1.

Let P7'AP = D = diag(A\, Mo, -+, \,) where the )\; are the eigenvalues of A. Since we are
assuming that \? = \; for each i, we have D? = diag(A2, \3,- -+, \2) = diag(Ai, Ao, -+, A\p) =
D. Hence, A> = (PDP~1)? = PD?P~' = PDP~' = A,

Let P~'AP = D where D is diagonal. Then (PAP~1)? = D? that is PA?P~! = D?. Since
D? is also diagonal, this shows that A? is also diagonalizable (with the same P).

Let P~*AP = D where D is diagonal. Then (PAP™1)T = DT = D, that is (P~1)TATPT = D.
If we write Q = PT, then Q7! = (PT)™1 = (P71)T, so we have Q" 1ATQ = D. This shows
that A” is diagonalizable.

r—2 -1 -1 r—3 -1 —1
calxy=det| -1 -1 1 = det 0 z—-1 1 after adding column 3 to
—1 -1 -2 r—3 -1 xz-2
column 1. Tt follows that ca(z) = (z — 1)%(z — 3), so A\; = 1 is an eigenvalue of multiplicity
2. The basic eigenvectors corresponding to A; are the basic solutions to the equations(A\; ] —
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76.
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78.
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80.

-1 -1 -1 0

A)X = 0. The reduction of the augmented matrix is [/ —A 0)=| -1 0 1 0| —
-1 -1 -1 0
1 0 -1 0 -1
0 1 2 0 |.Hence Xy = —2 is the only basic eigenvector corresponding to Ap,
00 0 O 1
so A is not diagonalizable by Theorem 5 §2.3.
r —1 -1 r—2 —1 -1
Here cqa(x) =det| —1 x —1 | =det| x—2 x —1 | after adding columns 2 and 3
-2 0 = r—2 0 =
to column 1. Hence ca(z) = (x + 1)?(x — 2), so \; = —1 is an eigenvalue of multiplicity 2.
But the basic eigenvectors corresponding to A\; are the basic solutions to the homogeneous
-1 -1 -1 0
system (A1 —A)X = 0. The augmented matrix is reduced as follows: | =1 —1 —1 0 | —
-2 0 -10

, so there is only one parameter, and so only one basic solution. Since the

o O =
O N =

1
1
0

o O O

multiplicity of A; is 2, this shows that A is not diagonalizable by Theorem 5 §2.3.

Let P7'AP = D = diag(A1, Mo, -+, \,,) where the )\; are the eigenvalues of A. Since we are
assuming that \; > 0 for each i, Dy = diag(v/A1, v Aa, -~ v/ An) is a real diagonal matrix such
that D2 = D. Put B = PDyP~!. Then B? = (PDyP~')? = PD:P~! = PDP~! = A.

Let PYAP = D = diag(\i, Mg, - -+, \n) where the \; are the eigenvalues of A. We are assuming
that each \; = A\, so P7'AP = diag(\, \,---,\) = M. Hence A = P(AI)P~! = Al

Let P'AP = D = diag(A\, A2, -+, \,) where the \; are the eigenvalues of A. Then A =

1
PDP~ ' so detA = detP detD TP =detD = MAa--- A\,

. ‘ ‘ 1) 1+4d —i A~ 14+ —i 1—4¢ —1
— 2_ 71—7 — — =
detA = (1+1)+i* =i, s0 A _il i 11 ( 2)[ i 1] [ 1 —i]'

If we write z = 2— 31, then the quadratic (x—z)(z—2) = 22— (2+2)x + 27 has real coefficients.
Indeed, z + z = 4 is twice the real part of z, and 2z = 13 = |z|2 is the square of the absolute
value of z. So the required polynomial is 22 — 4z + 13. The other root is Z = 2 + 3i.

81. w? — 6w + 13 = (5 — 12i) — (18 — 12i) + 13 = 0. The other root is w = 3 + 2i.
8. z=(1+i)y+(1—i"=0+)+1—i)=0+i) +1—0) =1 ="+ 1 +i)" = 2.
Hence 7 is real.

1 1 1
83. z(Wz) = W( z) = W(| z|*) = 1. The result follows.

z z
84. If zw is real and z # 0, then @ =2 zw2 is real. So take r = Z—u;

z 2z | 2|
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By the Hint: |z +w]*+ |z —w|®> = (z+w)(Z+0)+ (2 —w)(z —0)
= (224 20+ wWZ 4+ ww) + (22 — 20 — WZ + WD)
= 2(2zZ 4+ ww)
2(121” + [w]?).

Let p=1[2 —15/7 and = [3 0 4] be the posmon vectors of the points. The position vector
of the point 1 the way from p'to 7 is t=p+ 1 HT—P) =3P+ 37=:[11 —4 24]".

Let p=[123]" and ¢= [8 — 2 0]” be the position vectors of the points. The position vector
?f[ the two ?T(:)ints are t; = P+ 5(7—p) = 2p+570=2[613]" and b, = p+ 2(§—p) = 59+ 27 =
117 —23)".

3

—_— —

— _— — =
AE = AB + BFE and also AF = AC + CE. Hence
— e e 1S S —_— = -
AE = 5(AE + AL) = 5[(AB + BE) + (AC + CE)] = 5[AB + AC]
—

because BE = —CE (since £ is the midpoint of BC).

The diagonals are
1117 —[0007 =[111], 0117 —[1007 =[-111]T,
Loy’ —[107=[ —117, 1107”001 =11 1.

No pair is orthogonal as the dot products are all nonzero.

(a) Let @ = proj @) = (24)d = d'= 1[121)7. Then #% = & — # = 4[5 — 4 3]”. A check on

the arithmetic is that o, e d = 0 should hold.

(b) Let vy = proj{v) = (ﬁlf]‘é)d 1d=1[30 —7]7. Then th =¥ — 0} =
We have ||7 + @||* = ||0]|* +2 Tew + ||||* . Hence the condition ||7]|* + ||@||* = ||7 + @||* gives
2Uew = 0, that is ¥ e @ = 0. This means that ¥ and « are orthogonal.

723",

1
2

Here d = [=5 0 27 from the given line, so the equation is [z y 27 = [3 — 1 2] +t[—5 0 2]T.
Now d = PP, = [111]7, so the line is [z y 2]T =[10 — 27 +¢[1 1 1]7.

Every point on the line has the form [z y 2|7

= [ -1-t 3-— 4t]T. This point lies
on the plane if 3(2+1¢) + (-1 —1¢) — 2(3 — 4t) =

Wthh gives t = . Hence the point
islryzt =[5 -3 1"

The point FPy(3,—1,0) is in the plane, so the vector ¥ = f’af’ = [-22 — 2|7 is in the plane.
Since d = [1 1 —1]7 is also in the plane, a normal is 7 = 7x d = [0 —4 — 4]7. Thus the lane
has equation y + z = k for some number k. Since Py(3,—1,0) lies in the plane, £k = —1, and
the equation is y + 2z = —1.

The normal 77 = [1 1 — 2|7 will serve as direction vector of the line (it is perpendicular to the
plane). As P(1,—1,0) is in the line, the equation is [z y 2] =[1 —10]7 +¢[11 —2]7.

As the planes are parallel, the normal 7 = [4 — 3 1]7 of the given plane will serve for the new
one. So the new plane has equation 4z — 3y + z = d for some scalar d. Since Fy(2,3, —1) lies
in the new plane, d = —2 and the equation is 4x — 3y 4+ z = —2.
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98.

99.

100.

101.

102.

103.

104.

105.

106.

Write Py = Py(1,2,0) and v = ]70]—3> = [-1 —12]". Compute v = proj{v) =
The position vector of @ is then ¢ = po + ¢ = §[8 11 1]%.

2 —117.

A normal to the plane is 7 = [5 — 7 2]7. Choose any point in the plane, say Py(1,0, —1), and
—_—
write ¥ = PyP = [0 0 3]7. Then the shortest distance from P to the plane is ||projz(v)| =

(’170 ﬁ)_, |U e 7i 6
i == —.
dh l7ll Vs
Write Py = Py(1,—1,0), 7 = BoP = [012)7 and d = [2 1 1]7. Compute & = proj{v) = 1d.

Then the shortest distance is ||o — ¥ || = H%[—2 1 B]TH = 1V14.

The plane in question has equation 2z — 3y + 2z = d for some number d (using the same
normal as the given plane). As it contains the point Py(1,—1,0), we obtain d = 5, so the
equation is 2x — 3y + 2z = 5. This does not pass through the origin.

— — — R

We have AB=[-1 —1 —1]7, AC=[01 — 4] and BC =[12 — 3]*. Hence AB e« BC =0
—

so the angle at B is a right angle. If # is the internal angle at C then, since CA = 1[0 —1 4]

— CAeCD 14 V1417
and CB = [-1 —2 3]7, we have cosf) = = = .
o jcafjes| Vi
— —
AB = [-1 1 0]F and AC = [-1 0 1]7. The area of the triangle is half the area of the

parallelogram, that is %HA—E X A_(fH — % H[l 1 1]TH _ §

Rotation through 7/2 has matrix R/ = (1] _01 , and reflection in the line y = z has
) 0 1 . . ) 1 0
matrix Q1 = Lol Thus the transformation in question has matrix Q1 R/ = [ 0 —1 1 ,

which is (Qp—reflection in the X-axis.
.. . L 1] -8 —6 1] -4 -3
Reflection in the line y = —3x is given by )_3 = w0l -6 8 |=35] -3 4 ] . Hence the
. 2 |. 1] -4 =3 2 1 1
reﬂectlonof[_?)]1ny——3x185l_3 41l_31—5[_18].
(a) The matrixis A = [T [ (1) ] T [ (1] H . We are given T' [ (1) ] = [ _32 ] ,andalsoT[ 1 1 =
1 1] 0 .- 1 1
Now observe that ol = 1| | 1| 80 as T is linear, T ol = T e

. Hence the matrix of T'is A = lT[é] T[?H = [3 _32 ].This gives

)T
E
Tl
Tl -A[2]-[2 3] [
) The matrix of T-! 1sA‘1:1[_2 _3]=1l2 3].HeneeT_1[2]:

ell-ale |

i
1
x
Y
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