
MAT 249 - Lecture 8
1-Basic practice exercise: de�nition, continuity and di�erentiability.

In what follows, a function f is given by the expression of what f(x) shouldbe. Compute the domain of de�nition of f (where f is de�ned), its domain ofcontinuity (where it is continuous) and its domain of di�erentiability (where itis di�erentiable). The answers are given in the next pages. They correspondto what you are expected to explain when asked justify a domain of de�nition,continuity or di�erentiability.
1. x2 � x� 2
2. 1x�2
3. jx+ 3j
4. px2 + 1
5. px2 � 1
6. px2 + x+ 1
7. x2 � x� 2
8. ��x2 � x� 2��
9. px2 � x� 2
10. �x2+9x2�x�2
11. q �x2+9x2�x�2
12. ln(x2 � x� 1)
13. ln(x2 � x� 1) if x 6= 0, 0 if x = 0.
14. x2 if x < 0, x+ 1 if x > 0.

2-Other exercises
Exercises suggestion sheet: Have a look at it and solve the exercises thatare connected to what we covered in lecture (and only those!). If you still needmore:
De�nition: Exrcise 1 can be repeated for all the functions that are de�ned inyour textbook. If you understand correctly what is going on, you should be ableto compute the domain of any function almost right away.



Continuity: For continuity, there are sometimes more substantial problems,but you should be able to tell almost immediately if a function is likely to havea continuity problem or not. More exercises can be found p. 85 of the textbook,see 7-12.
Di�erentiability: The comment is pretty much the same as for continuity:You should be able to tell almost immediately if a function is likely to have adi�erentiability problem or not. When you are able to do so, you can practicethe computation of derivative with 11-22 p.105, 1-16 p.118, 3-36 p.123-124 (forthose latter ones, only those with cos, sin and tan).

Solutions for exercise 1:
1. The function is polynomial, hence de�ned, continuous and di�erentiableeverywhere on R.
2. The function is the quotient of two functions: The constant function withvalue 1 and the function de�ned by g(x) = x � 2. It is de�ned wheneverg(x) is not equal to 0, hence on Rrf2g. For continuity, a similar argumentworks: f is the quotient of two continuous functions. It is continuouswhenever the function at the denominator does not take the value 0. Fordi�erentiability, idem: f is the quotient of two di�erentiable functions. Itis di�erentiable whenever the function at the denominator does not takethe value 0.
3. f is obtained by composing functions that are de�ned on R, namely theabsolute value function and the function g de�ned by g(x) = x + 3. It istherefore de�ned on R. For continuity: Direct after having observed thatthe two aforementioned functions are continuous. For di�erentiability:There is a problem, because the absolute value function is not di�eren-tiable at 0. Here, this causes an issue when what is in the absolute valueis equal to 0, that is when x = �3. Thus, f is di�erentiable everywherebut at �3.
4. f is obtained by composing the square root function with a polynomialfunction. A polynomial function never has any problem of de�nition, butthe square root does: For f to be de�ned at x, we need to make surethat what is under the square root is > 0 (observe that equality is not aproblem). But in this case, it is always true, as x2+1 > 1. So f is de�nedon R. For continuity, no problem as the functions we are composing arecontinuous on their domain. For di�erentiability, a problem could happenif the polynomial under the square root took the value 0, as the squareroot function is not di�erentiable at 0. But this never happens here, againbecause the polynomial under consideration is always strictly positive.



5. This case is almost the same as the previous one except that here, thepolynomial does take negative values. To know when, make a sign table.We then get that x2 � 1 > 0 when x 6 �1 or x > 1. It follows that thedomain of f is ] �1;�1] [ [1;+1[. For continuity, same answer as thefunctions involved in the composition are continuous whenever they arede�ned. But for di�erentiability, (�1) and 1 have to be removed becausethen x2 � 1 = 0, so the polynomial under the square root takes the value0, which is a problem to di�erentiate the square root.
6. f is a polynomial function, hence de�ned, continuous and di�erentiableon R.
7. f is de�ned whenever the polynomial under the square root has valueslarger or equal to 0, so we need to �nd the roots of x2+x+1. Here, thereis no obvious factorization, so we need to compute the discriminant �. We�nd � = 12� 4:1:1 < 0. So no real root, and the polynomial has constantsign. Looking at the value at 0, we get that it is always strictly positive.The domain is consequently R. For continuity or di�erentiability, no extraproblem shows up (again because the polynomial does not take the value0, which is the problematic value for the square root).
8. No problem of de�nition or continuity, as we are composing functions thatare de�ned and continuous on R. For di�erentiability, there is an issue:The absolute value function is di�erentiable on R r f0g, so for f to bedi�erentiable at x, we need to make sure that x2�x�2 does not take thevalue 0. Thus, we have to �nd the roots of x2�x�2. Quadratic formulasor direct factorization provide that the roots are (�1) and 2. It followsthat f is di�erentiable everywhere except at (�1) and 2.
9. There is a de�nition problem when the polynomial under the square rootis strictly negative, thus on ] � 1; 2[. No other problem otherwise, sothe domain is ] � 1;�1] [ [2;+1[. For continuity, no extra problemshows up and the function is continuous on its domain of de�nition. Fordi�erentiability, because of the di�erentiability problem of the square root,we need to exclude those points where the polynomial takes the value 0.Thus, f is di�erentiable on ]�1;�1[[]2;+1[.
10. f is a quotient of polynomial functions. It is de�ned whenever the denom-inator does not take the value 0, that is everywhere except at (�1) and2. Polynomial functions being continuous, f is continuous whenever thedenominator does not take the value 0, that is also everywhere except at(�1) and 2. Finally, polynomial functions being di�erentiable, f is di�er-entiable whenever the denominator does not take the value 0, that is alsoeverywhere except at (�1) and 2.
11. Here, the domain of f is not obvious. First, we need to check that what isunder the square root is de�ned. According to the previous question, thisexcludes (�1) and 2. Second, we need to be sure that what is under the



square root is in [0;+1[. This is achieved by factoring the polynomials atthe numerator and at the denominator, and by making a sign table. Wethen �nd that the domain of f is [�3;�1[[]2; 3]. For continuity, no furtherissue shows up, and f is continuous on its domain. For di�erentiability,because of the square root, we need to make sure that the value 0 is not
taken by �x2+9x2�x�2 . Thus, f is di�erentiable on ]� 3;�1[[]2; 3[ (ie need toopen the bounds at �3 and 3).

12. ln is de�ned on ]0;+1[. Thus, for f to be de�ned at x, we need whatis under the ln to be strictly positive. There is no obvious factorizationfor x2 � x � 1, so we use the quadratic formulas. The discriminant � =
(�1)2 � 4:1:(�1) = 5 so x2 � x� 1 has two real roots, namely 1�p52 and1+p52 and x2 � x � 1 = (x � 1�p52 )(x � 1+p52 ). A sign table then shows
that x2�x� 1 > 0 when x 2]�1; 1�p52 [[] 1+p52 ;+1[. So the domain of
f is ]�1; 1�p52 [[] 1+p52 ;+1[. For continuity or di�erentiability, no otherproblem shows up as ln is continuous and di�erentiable on ]0;+1[.

13. The domain is the same as in the previous question except that 0 shouldbe included in it: The value of f is explicitly de�ned at 0, even though
0 is not in ] � 1; 1�p52 [[] 1+p52 ;+1[. The domain of f is therefore
]�1; 1�p52 [[f0g[] 1+p52 ;+1[. For continuity, the result of the previous
question shows that for sure f is continuous on ]�1; 1�p52 [[] 1+p52 ;+1[.But what about at 0? Well, since f is not de�ned around 0 (it is onlyde�ned at 0, but not for the other numbers that are close to 0), f doesnot have any limit at 0. Hence, f is not continuous at 0. It follows that
the domain of continuity of f is ] �1; 1�p52 [[] 1+p52 ;+1[. For di�eren-tiability, according to the previous question, f is for sure di�erentiable
on ] �1; 1�p52 [[] 1+p52 ;+1[. What about at 0? f is not continuous at0, hence not di�erentiable at 0. This is a consequence of the fact thatdi�erentiability implies continuity (but not the other way around), thusnon-continuity implies non-di�erentiability (when passing to the negation,the implication is reversed). So, the domain of di�erentiability of f is re-
ally ]�1; 1�p52 [[] 1+p52 ;+1[.

14. f is de�ned piecewise on ]�1; 0[ and on [0;+1[ and does not encounterany problem of de�nition on those sets. Moreover, when taking the unionof these intervals, we get R. Thus, f is de�ned on R. For continuity,we look at what is happening on the di�erent intervals when opening thebounds. We get that f is continuous on ] �1; 0[ and on ]0;+1[, as thefunctions that are used to de�ne f on those sets are continuous. So if thereis a continuity problem for f , it has to be at 0. To check the continuity off at 0, we need to check that i) f is de�ned at 0, ii) f has a �nite limit Lat 0, and iii) L = f(0). i) is satis�ed: 0 is in [0;+1[ so f(0) = 0 + 1 = 1.For ii), since f is de�ned di�erently at the left and at the right of 0, weneed to compute the limit by studying the existence of a left limit and a



right limit. The left limit is given by the limit of x2 when x approaches 0�,that is 0. The right limit is given by the limit of x+1 when x approaches0+, that is 1. These two limits are not equal, thus f does not have anylimit at 0. Thus f is not continuous at 0. The domain of continuity of fis therefore Rrf0g. As for di�erentiability, the functions used to de�ne fon ]�1; 0[ and on ]0;+1[ guarantee that f is di�erentiable on Rr f0g.At 0, f is not di�erentiable because it is not continuous (note again theimplication not continuous implies not di�erentiable). Thus, the domainof di�erentiability of f is really Rr f0g.


