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De�nitions and theorems: [2 pts]1- [1 pt] Let a; b 2 R, a < b, x0 2]a; b[, f a function de�ned on ]a; b[. Whatdoes it mean for f to be continuous at x0 (In other words, give the de�nition ofcontinuity of f at x0)?
f is continuous at x0 i� f has a �nite limit L at x0 and L = f(x0).

2- [1 pt] State the mean value theorem.
Let a; b 2 R, a < b, f a function de�ned on [a; b], continuous on [a; b], anddi�erentiable on ]a; b[. Then there is c 2]a; b[ such that

f 0(c) = f(b)� f(a)
b� a :
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Problem 2: [3 pts]Consider the functions f and g de�ned on ]0; �[ by:
f(x) = sinx

x g(x) =pf(x):
1- [1pt] Explain why f and g do not have any problem of de�nition on ]0; �[.

Remark: This question can be reformulated as follows: Consider the func-tions f and g de�ned on ]0; �[ as above. Show that f and g have domain ]0; �[.
f is the quotient of two functions that are de�ned on ]0; �[, and the denom-inator function does not take the value 0 when x is in ]0; �[. Thus, f has node�nition problem on ]0; �[.On the other hand, g is obtained by taking the square root of f on ]0; �[.We just proved that f is de�ned on ]0; �[, so the expression under the squareroot is always de�ned on ]0; �[. We consequently simply need to make sure thatthis expression is > 0. But this is true since for x 2]0; �[, sinx > 0 and x > 0.
2- [1pt] Explain why f is di�erentiable on ]0; �[ and compute its derivative.
f is di�erentiable on ]0; �[ because it is the quotient of two di�erentiablefunctions on ]0; �[ (namely h and i de�ned on ]0; �[ by h(x) = sinx and i(x) = x)and the function in the denominator does not take the value 0 on ]0; �[.The derivative of f is obtained by applying the quotient rule: Let x 2]0; �[.Then

f 0(x) = cosx � x� sinx
x2 :

3- [1pt] Explain why g is di�erentiable on ]0; �[ and compute its derivative.
g is di�erentiable on ]0; �[ because it is obtained by composing the squareroot function, which is di�erentiable on ]0;+1[, and the function f , which isdi�erentiable on ]0; �[ and takes values in ]0;+1[.
Remark: A problem would have shown up if f had taken the value 0 on ]0; �[because the square root function is not di�erentiable at 0. However, f does nottake the value 0 on ]0; �[ so this does not cause any harm here.
The derivative of g can be obtained by applying the chain rule. Let x 2]0; �[.Then

g0(x) = 1
2pf(x)f 0(x) = cosx � x� sinx

2x2q sin x
x

:
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Problem 3: [3 pts]Let h be the function de�ned by
h(x) = �1

4x4 �
2
3x3 + 3x� 6:

1- [1pt] Explain why h is de�ned and di�erentiable on R and compute its deriva-tive.
h is de�ned and di�erentiable on R because it is a polynomial function. Itsderivative is de�ned on R by h0(x) = �x3 � 2x2 + 3.

2- [1pt] Study the sign of h0. Express your result in a sign table.
To study the sign of h0, we need to factor it. As its degree is higher than2, the only thing we can start with is to �nd a root directly. Testing the usualsimple values �2;�1; 0; 1; 2, we �nd that 1 is a root. Therefore, h0(x) can befactored by (x � 1). After having applied one of the standard factorizationmethods, we �nd that h0(x) = �(x�1)(x2+3x+3). Call P (x) the right factor.P is a quadratic polynomial function. To know whether it can be factored, wecompute its discriminant �. Here � = 32�4 �1 �3 = 9�12 < 0. Thus, P has noreal root. Therefore, it cannot be factored further and has a constant sign onR. Since P (0) = 3 > 0, P (x) is always positive. The sign of h0(x) consequentlyonly depends on the sign of (x+ 1), and the corresponding sign table is:

x �1 1 +1
x� 1 - 0 +
h0(x) + 0 -

3- [1pt] Using the result of question 2, �nd the intervals of increase and decreaseof h.
According to the result of the previous question, h increases on ]�1; 1] anddecreases on [1;+1[.


