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1. Find an equation of the tangent line toq
x2 � y = 9x

y
� 1

at the point P (5; 9):

2. Find a general antiderivative of f(x) =
5
p
x� 6x3 � 8x2 + 3

x2
for x > 0:

3. Solve y00 = 2 sin(� � 2x) with y0(�) = 0 and y(�) = 3:

4. Find the second derivative of f(x) = x cos(x2):Simplify.

5. Find y0 in terms of x and y if 2x+ 3y =
y2

x+ 1
:

6. Find a general antiderivative of f(x) =
1

cos2(3x� 1) in the domain

(�nd the domain).

7. Solve y00 =
3p
x
� 6x; y0(4) = 2; y(4) = 0:

8. Find the second derivative of y =
1

1 + x2
: Simplify.

9. Find an equation of the tangent line at the point (6; �) to

2 cos
y

x
+
xy

6
=
p
3 + �:

10. Solve (i.e. �nd y including an interval )

y0 =
1

(5� x)3

with y(4) = 1

11. Find
Z �

3
p
x� 1

3x

�2
dx for x > 0:
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SOLUTIONS
For 1)
Use implicit di�erentiation and Chain Rule on the left ,Quotient Rule on right:

1
2
(x2 � y)�

1
2 � (x2 � y)0 = 9 �

 
x

y

!0
� 0

1
2
(x2 � y)�

1
2 � (2x� y0) = 9 � 1 � y � x � y

0

y2

now,x = 5; y = 9; y0 = m

1
2
(25� 9)�

1
2 (10�m) = 9 � 9� 5m

92
so 1

8
(10�m) = 1

9
(9� 5m)

multiply by 9 � 8
90� 9m = 72� 40m thus 31m = �18 and
m = �18

31
and an equation is y = �18

31
(x� 5) + 9:

For 2)
get rid of the quotientZ
f(x)dx = 5

Z p
x
x2
dx� 6

Z x3
x2
dx� 8

Z x2
x2
dx+ 3

Z 1

x2
dx =

5
Z
x�

3
2dx� 6

Z
xdx� 8

Z
dx+ 3

Z
x�2dx+ c = 5 (�2)x� 1

2 � 6 � x2
2
� 8x+ 3 � x

�1

�1 + c

= � 10p
x
� 3x2 � 8x� 3

x
+ c for x > 0:

For 3)

y0 =
R
y00dx = 2

Z
sin (� � 2x) dx = 2 � � cos (� � 2x)�2 + c1 = cos (� � 2x) + c1

using
Z
sin(ax+ b)dx =

� cos(ax+ b)
a

+ c1 a = �2; b = �

now use the condition y0 = 0 for x = �
0 = cos (��) + c1 = �1 + c1 so c1 = 1 and y0 = cos (� � 2x) + 1

I*ntegrate again using
Z
cos(ax+ b)dx =

sin(ax+ b)

a
+ c

y =
R
y0dx =

R
cos (� � 2x) dx+

R
1dx+c2 =

sin (� � 2x)
�2 +x+c2 = �1

2
sin (� � 2x)+x+c2

use the second condition y = 3 for x = �

3 = �1
2
sin (��) + � + c2 = 0 + � + c2 so c2 = 3� �

and the solution is
y = �1

2
sin (� � 2x) + x+ 3� �

For 4)
by Product and Chain Rules
f 0(x) = [x cos(x2)]

0
= (x)0 � cos (x2) + x (� sin x2) (x2)0 = cos (x2)� 2x2 sin(x2)

again
f 00(x) = [cos (x2)� 2x2 sin(x2)]0 = �2x sin(x2)� 4x sin(x2)� 2x2 cos(x2)2x =
= �6x sin(x2)� 4x3 cos(x2)
For 5)
use implicit di�erentiation,Quotient and Chain Rules:

(2x+ 3y)0 =

 
y2

x+ 1

!0
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2 + 3y0 =
2yy0 (x+ 1)� y2

(x+ 1)2
multiply both side by (x+ 1)2

2 (x+ 1)2 + 3y0 (x+ 1)2 = 2yy0(x+ 1)� y2 all terms with y0

y0
h
3 (x+ 1)2 � 2y (x+ 1)

i
= �y2 � 2(x+ 1)2

so

y0 =
�y2 � 2(x+ 1)2

3 (x+ 1)2 � 2y (x+ 1)
if the denominator is not 0.

OR
we can simplify �rst by multiplying the original expression by (x+ 1)

2x+ 3y =
y2

x+ 1
(2x+ 3y) (x+ 1) = y2

then
2x2 + 2x+ 3xy +3y = y2 then di�erentiate by Pr.and Chain rules:

4x+ 2 + 3y + 3xy0 + 3y0 = 2yy0 4x+ 2 + 3y = y0(2y � 3x� 3)
then

y0 =
4x+ 2 + 3y

2y � 3x� 3 if the denominator is not 0.
Notice that it looks di�erent because we have a relation between x and y .
For 6)Z 1

cos2(3x� 1)dx =
1
3
tan (3x� 1) + c

since (tan 3x� 1)0 = sec2(3x� 1) � 3 = 3

cos2(3x� 1)
for 3x� 1 6= �

2
+ k� so x 6= 1

3
+ �

6
+ k �

3
k = 0;�1;�2;�3; ::::

For 7)

y00 =
3p
x
� 6x y0(4) = 2 y(4) = 0 for x > 0

y0 =
Z
y00dx = 3

Z
x�

1
2dx� 6

Z
xdx+ c1 = 6

p
x� 3x2 + c1

now x = 4 y0 = 2 solve for c1 :
2 = 6 � 2� 3 � 16 + c1 c1 = 38
so

y0 = 6
p
x� 3x2 + 38 for x > 0

integrate again

y =
Z
y0dx = 6

Z
x
1
2dx� 3

Z
x2dx+ 38

Z
dx = 6 � 2

3
x
3
2 � 3 � x3

3
+ 38x+ c2

y = 4x
3
2 � x3 + 38x+ c2

now x = 4 y = 0 solve for c2 :
0 = 4 � 23 � 43 + 38 � 4 + c2 c2 = �4(8� 16 + 38) = �120
thus the solution of the given problem is

y = 4x
3
2 � x3 + 38x� 120 for any x > 0:

For 8)
by Chain Rule

y0 =
�

1

1 + x2

�0
=
h
(1 + x2)

�1i0
= (�1) (1 + x2)�2 2x = �2x(1 + x2)�2

by product and chain rules
y00 = (�2x)0 (1 + x2)�2 � 2x [(1 + x2)�2]0 = �2(1 + x2)�2 � 2x (�2) (1 + x2)�32x =
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= �2(1 + x2)�2 + 8x2(1 + x2)�3
Or by Quotient Rule

y0 =
�

1

1 + x2

�0
=

0� 2x
(1 + x2)2

y
00
=

 
�2x

(1 + x2)2

!0
=

�2(1 + x2)2 + 2x2 (1 + x2) 2x
(1 + x2)4

=
(1 + x2) [�2(1 + x2) + 8x2]

(1 + x2)4
=
�2 + 6x2
(1 + x2)3

For 9 )

Use implicit di�erentiation: 2
h
cos y

x

i0
+1
6
(xy)0 =

�p
3 + �

�0
by Chain , Quotient and Product Rules:

2
�
� sin y

x

� �y
x

�0
+ 1

6
(1 � y + x � y0) = 0

�2 sin y
x
� y

0 � x� y � 1
x2

+ 1
6
(y + xy0) = 0

Now x = 6; y = �;and y0 = m :

�2 sin �
6
� 6m� �

36
+ 1

6
(� + 6m) = 0; multiply both sides by 36 and use sin �

6
= 1

2

thus
�(6m� �) + 6 (� + 6m) = 0 and the equation is now:�6m+ � + 6� + 36m = 0,
thus

30m = �7� and m = �7�
30
:The equation of the tangent line is :

y = �7�
30
(x� 6) + �

:
For 10)

For x 6= 5 y =
R
y0dx =

R
(5� x)�3 dx = (5� x)�2

�2(�1) + c =
1

2(5� x)2 + c

using
R
(ax+ b)r dx =

(ax+ b)r+1

a(r + 1)
+ c;where a = �1; b = 5; r = �3

now if x = 4; y = 1 solve for c: 1 = 1
2
+ c, so c = 1

2
:

Together the solution is y = 1
2
(5� x)�2 + 1

2
for x 2 (�1; 5)

since the condition is at x = 4 < 5:
For 11)Z �

3
p
x� 1

3x

�2
dx

( get rid of the power using (A�B)2 = A2 � 2AB +B2)

=
Z "

(3
p
x)
2 � 2 � 3

p
x � 1
3x
+
�
1

3x

�2#
dx =

= 9
R
xdx� 2

R
x�

1
2dx+ 1

9

R
x�2dx = 9 � 1

2
x2 � 2 � 2x 1

2 + 1
9
� x

�1

�1 + c

y =
9

2
x2 � 4

p
x� 1

9x
+ c for x > 0:
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