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Sketchiﬁg Cu'rves '

We have developed enough techmques to. be able to sketch curves and.____. s
graphs of functions much more eﬂicxently than before. We ‘shall investi- -

- gate systematically the behavior of a cuirve, and the mean value theorem
will play a fundamental role: :
We shall especially look for the followm g aspects of the curve:
Intersections with the coordinate axes.
Ciritical points. |
Regions of incréase.
Regions of decrease.
Maxima and minima (mcludmg the Jocal ones)
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negative.
These seven pieces of mformatlon w111 be qu1te suﬂiclent to give us a

fairly accurate idea of what the graph looks like. We.shall devote a’. -
section to considering one other aspect, namely : A
e 8 Regions where the curvé is convex upwards or downwards ThIS S

. tells us how the curve is bending.

“We shall also introduce a new ‘way of descnbmg pomts of the plane and TR

functions, namely polar coordinates. These are espec,ially useful in con-
nection with the tngonometrlc functlons : '

Behavior as.x becomes very large p051t1ve and very ]arge negatlve :
Values of X near whlch y becomes very ]arge posmve or very large
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(You can compute it using the quotient rule.) It is never 0, and therefore -
the function has no critical points.” ' ' -‘
3. The denominator is a square and hence is always positive. - Thus
f(x) > 0 for all x. The function is increasing for all x. -Of course, the -
function is not defined for x = —1 and neither is the derivative. Thus it
~ would be more accurate to say that the function is increasing in the region
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‘and is increasing in the region x > —1.
4. There is no region of decrease. &
5. Since the derivative is never 0, thére is no relative maximum or -
minimum. - il - | :
6. As x becomes very large positive, our function approaches 1 (using
" the method of the preceding section). As x becomes very large negative,
our function also approaches 1. ' '

Finally, there is -_{m-e more, useful piece of information which we can
look into, when f(x) itself becomes very large positive or negative:

7. Asx apprOaChéé —1, the denomina_téf approaches 0 and the num-

érator approaches —2. If x approaches —1- from the right, then jthe.

denominator is positive, and the numerator is negative. Hence the fraction
s negative, and is very large negaltive.. '
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_-._:see that the graph Iooks Itke that m the precedmg ﬁgure; AL
"_.:_"W'E: have drawn the two lines x = —1 and y =185 these play

1mportant role when x approaches "1 and when x becomes very large,”
posrtlve or negative.

Example 2. Sketch the graph of the‘curve
y = _-x3'+ 3x — 5.

1. When x = 0, we have y = —5.

2. The derivative is o
: i _ < f"(x) —..—3x —I— 3 oo
0 -_-___-It is 0 when B~ 3 whtch is equwalent to saymg that
o 'fx?== [ 5 of s ekl

These are the critical points. !

3. The derivative is positive when —3x + 3 > 0, which amounts to

saying that
B2 < 3 or T ET L L

This is equivalent _to'_the condition
' —l<x<1,

‘which 1s therefore a regton of increase.

4. When —3x> + 3 <0, the functlon _decreases This_'is_the' region =

gwen by the inequality .
'3x >3
or x* > 1. Thus when _

-

':l e e

- the functton decreases

5. Since the functson decreases when x < —1 and mcreases when "

x > —1 (and is close to —1), we conclude that the pomt —lisa local
minimum. Also, f(— 1) =-—17.
- Similarly, the point 1 is a relative maxrmum and f() = s _

6. As x becomes very large positive, x2 is very large positive and —x?
is very large negative. Hence our function becomes very Iarge negatwe,
as we see if we put it in the form

109 = =2 (1 - ¥+

. Slmﬂarly, as x becomes very large negatlve, our functlon becomes very
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EXERCISES

Sketch the fol!owmg curves, mdlcatmg all the ml'ormatlon

introduction:

= X2 + 2
x—3

- X + 1 1
x2 4 1

5.y = cos> x
7.y =tan’x

~ 9, y.3x44—2x3+1
2x—3
3x-—l—1.
__'13.y='x + x
'15.y—x =i

il. y =

@ x —x+2
(©) —xﬁ—-x—l—:z'
(e xﬁ—}—x—|—2

_ Sketch the graphs of these no]vnomlals
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4, y = sin” x

10, y = ———+

r

12 y —;-'Jnc:4 +I—'4x <

14, y—x -I—6x

: 16. y = x5 —}— X i0T )
17. Which of the followmg polynom:als have a minimum (for all x)""

(b)x5—x+2

(d) —x5 -——x+2

(f) x5+x+2

statéd' in the




