MATH 253
Handout # 5-SOLUTION

A

1. Solve v/ + ysinx = coszrsinz , y(g) = 3.

For 1)

the equation is linear p(z) =sinz ,P(r) = —cosx and pu = e~ 5%

multiply by the ntegrating factor u

y/efcosm + ySiIl xefcosm — (yefcosm)’ — efcos:r COS.CI?SiHZL'
so ye~ T = /e‘ ST cosxsinx dr +c
by subst.u = — cos z, du = sin xdx the integral= — / e“u du = e — ue®
SO
ye ST = = °%(] 4 cos z)+c and multiply by e®®*
7
y:1+Cosx+ce“’”,ﬁnallyforx:5 3=1+0+csoc=2
and the solution is y =1+ cosx + 2e°* for any =x.

2.Find the Taylor polynomial of degree 3 of f(x) = In(3z — 2) around a = 1,
then use it to approximate In 2.

For 2)
first ......... ap = f(1) =In1 =0, then
3

using Chain Rule :f'(z) = g g a; = f'(1) =3

— _9 1"
ﬂ@%z%—D@x—%Q-&:@;jgg .......... ay = L8 =2

— 54 "

ﬂ@gz—w—m@x—m3~&=@;j5§ ....... az =0 =5 =9
and

Ty(z) = 3(x — 1) — Yz — 1)2 + 9(z — 1)?

Nowtogetln2wehavetoﬁndx 3r—2=2.. sox—%and
- 4y _ 9.1 _9 1,1 5
1112??3(5)—3'5—5'——1-9 1.—§+§—§+— 6
In2 = 5 (not a very good approx1mat10n)
3. Find the general solution, in the explicit form, of
(z+ 1)y + (1+y)z*=0.
For 3)
—7r2(1
re-arrange the equation % =y = % ~~~~~~~ separable
x
separate
Logy= =% integrate [ ——d j’_x2d
—dy = T now Integrate = x
1—|—yy x+1 W ntes 1+yy r+1

on the right a rational function so long division first or subst. u =z + 1

1—2%—1 (1— w)(w-‘rl 1 g

fmiﬂ x=f! dr — [ —qdr = r—2 —Injz+ 1| +c
back to equation

In|1+y| Z—x—;+x—ln|x+l|+c y—l—lzj:ec-e_%”-e*l“"””
finally denote A = +e°



2
Ae~THe
y:—1+;7+21f0rm7é—1

4. Find the solution,in the simpliest form, of the initial value problem

/ Y
= —-2)=1.
" y(—2)
For 4)
y = i not sep.,not linear so re-arrange for x # 0
l‘ J—
y
Yy = 7 ~— subst.u = 4 y' = v’z + u gives a separable equation
* 2
/ — u ln — u _ — u—utu? — U
ur+u T—u (4 - U Tru T —u
separate
1—u dz
>—du = — integrate [ (u—lz - %) du=1In|z|+¢c
ol x

= —Inful =In|z|+c back toy: 111‘%‘ =Inly| — In |z|

thus

¢ —Infy|+Infz| =Infz[ +c

and cancel In|z| and multiply by ¥ :

—yln|y| — cy = z for any y # 0 now z = —2,y = 1,s0lve for ¢

0 — ¢ = —2 and together x = —ylnly| — 2y,y # 0.

B

1. Find the quadratic approximation of f(z) = e!~*“around a = 2,

then use it to approximate ef.

For 1)
first ......... ap = f(3) = €” =1, then
using Chain Rule :f(z) = e'~%" (=8z) ........ a = f'(3)=-4

Product Rule: f(z) = (—8)e!~%*(1 — 822)......... as = "z) =14
and
To(z)=1—4(z — ) +4(z — 1)

Now to estimate e1 we have to find x such that 1 — 422 = %,

so 1 =4a?,and 2 = 5,z = £ but ; is closer to §
el = Ty(3) =1—4- 7 +4- 4 =2.25 (not a very good approximation)
2.Find the general solution of vy — 2zy = .
For 2)
the equation is linear p(r) = -2z ,P(x) = —2? and p = e~
multiply by the integrating factor u
/—x? —? —x? ! —x? —x? —z?
y'e ™ — 2xye :(ye ):xe S0 ye :/xe dx +c

1 -1
by subst. u = —22, du = —2xdz ,integral = -5 /e“du = 76“

22

SO y(f”c2 = ——¢* 4 ¢and multiply by e’ to get

Y= _7 + ce®” for any x.



Note: The equation is also separable.
3. Find the general solution, in the explicit form, of
(22 + 1)y +2(1 +y)z* = 0.

For 3)
—22%(1 +y)
i dy _ 0
re-arrange the2equat10n =y = 21 .2.sep.
—2x ) —2z
Fly V= n 1dx now integrate fﬁlydy =/ = 1d£L'
> +1-1 1
Inl+yl=-2)————dzr=—-22+2[5~dr=—2x+2arctanz +c
2+ 1 o
|1 + y| — 672:v+arctanx . e y = -1+ AefoJrarctan:r, where A = +e¢
4. Find the general solution,in the simpliest form, of 3/ = %
Ty
For 4)
Y :
Yy = not sep.,not linear so re-arrange
xy+ Y

Yy = 1 j 7 subst.u = £,y = 'z + u gives a separable equation
u'r +u = W = —o g = umum u?

C1+u 14w I
separate
1

;udu = — % integrate [ (u—12 + %) du=—Inlz|+¢

SO
=L +Inful = —Injz|+ ¢ back to y :using In || = In|y| — In|z| we get
- tInfyl —Infz| = —Infz|+ c and yIn|y| — cy = x for any y # 0
C

1..Find the Taylor polynomial of degree 3 of f(z) = arctan(3z) around a = 0,
then use it to approximate m = 4 arctan 1.

For 1)
first ......... ap = f(0) = arctan 0 = 0, then
3

i hai le :f'(x) = = —... = f'(0) =

using Chain Rule :f'(x) T G 17947 a; = f'(0)=3
—92 _541' £
f”(.’E) :3(—1) (]."—9372) -18x = m .......... a9 = —22 =0
by Q.R.
1+922)% —2-2(1 + 92°) 18z B

f"(x) = (—54) ( ) ( )18 . ag =10 === ¢

(1+922)*
and T3(z) = 3z — 923

Now to get arctan 1 we have to substitute for z = %

arctanl =T3(3) =3-3—9- 5 =1—3 =27 =4arctanl = 3
(not a very good approximation)

2. Find the general solution of zy’ = x? + y.

For 2)

for x # 0 we can re-write the equation as ' — ¥ _ x
x



-1 1 1
so it is linear and p(z) = — ,P(z) = —In|z| =1In ‘— and p = —
x x x

multiply by the integrating factor u

1 !/
y’——%: (Q) :1andy:fd:v—l—c:x—|—c

x T x x
and finally y = 22 4 cz for any x.
3. Find the general solution, in the simpliest form,

(x+y)y +y—3x=0.
For 3)
. , T —y .
re-arrange the equation ¢y = PO not sep.,non-linear but homog.
Ty
3x — 3—4

"= ;+ yy T Z Now substitution....u = £,/ =v'r +u  gives

) 3—u ., 3—u 3—u—u—u? 3—2u—u?
ur+u=——.... u'r = —u= = ... separable

) 14+u 1+u 1+u 1+u
_—ru w=2 for integration of the left-hand side use partial fractions
3—2u — u? x
I+u I+u 1+u A n B

3—2u—u?  w+2u—-3  (u—Dw+3) wu—-1 u+3
so —(l+u)=Au+3)+Bu—1)....u=1.... —2=4A... A=

foru = —3......... 2=—-4B.....B = ’1 ...back to the diff.equation

Shnf(u+3)(u—1)=hn|z[+c..In|(u+3)(u—1) = —2n|z|+ C
apply exp.function to both sides
(w+3)(u—1) =eC-|z| ... (u+3)(u—1) = AL .. back to y

M) u) = 4.....(y + 3z) (y — ) = A......general solution
4. Find the exphmt solution of the initial value problem

s

zsiny +y'(z* + 1) cosy = 0,y(0) = —Z.
For 4)

. cos Yy
"(2% 41 = — ble....—=dy =
y'(z* 4+ 1) cosy x siny separable siny Y o

—T

dx

integrate
| antdy = (subst u = siny,du = cosydy) = [ % =In |u| = Insiny|
and/ oo (subst.z? +1 = u, zde = 3du) = —3In|2? + 1| + ¢
x
back to dlff equatlon
=1 - A
In|siny| = In|z? + 1 S oo, siny:j:ec-(xQ—Fl)Tl:i
241
to find A substitute x = 0,y = —%
1
sin=* =—-1=A-1s0 A= —1 finally siny = ————
2 y Y o
%ﬂd 1y = arcsin \/— for any x since —1 < \/m— <0
1.Solve y —y=¢€*Inz , y(1) = —1.
For 1)

T

it is linear and p(z) = —1 ,P(x) = —x and p = e~
multiply by the integrating factor u



—T —Z

ye ™ —ye® = (ye®) =e* Inz e =1Inx so for z > 0
ye T = /lnm dr +c = xInx — x 4+ ¢ ,multiply by e"to get

y = xze®Inx + ce® for x > 0.

for 2)
Ty for f(z) = e anda:—l
first ......... ag = f( 1)=¢"= 1, then

using Chain Rule :f(z) = e'~** (—2z) ........ a; = f'(—=1) =2
by Product Rule

F(x) = (=2) e [1 — 227 ... ag =0 =2 —

f(z) = (=2) e [—dx — 2z + 42%] ..., az = —f”lél’l) ==t=22
and

Ty(z) =1+2(z+1)+ (z+1)* — 2(z + 1)

NOW to estimate etwe have to find x such that 1 — 2% = 3

soz? =1 and z = +3 but z = 3 is closer to —1)
e4—T3(——)—1+2 Z—%-— 2431 =2+ 1 = 216667

3.Solve the initial value problem yy' = 2y — x,y(1) = 0.Can you find a solution
satisfying y(0) = 07

For 3)
We can rewrite the equation as ¢y’ = 2 — T so it is clearly homog.II type,first order,

the substitution u = £ will give us a separable equation v'z +u = 2 — %
2u —u? —1 —Uu dx —u dx
wr=2—u—1="———— separate —d , ———du = —
u U —2u+1 T (u -1) x

Now/%du:/l_;du:/—lldu—f(u—l)_2du:
(u—1) (u—1) “
(or subst. v =u — 1)
—Inju—1+@w—-1)"
so —Inju—1|+ (u—1)"" =Inl|z| + C,
back to y : Inju — 1| |z| = In|u — 1| + In|z|
(ﬂ—1>_1 =1In|z| - ‘3—1’+C'
S =hly—z[+Clory#a
but also y = x is a solution satisfying y(0) = 0.
Now,if x = 1,y = 0,s0 solve for C': —1 = C,and the solution is

=Inly —z| — 1.
—x

4. Find the general solution of zlnz -y’ = y.

For 4)

the equation is first order,separable,also linear homog.: for z > 0,z # 1
dy dx ) i dx

we can separate : — = and by integrating we get: In|y| = [ =
Y x Inz rinz

(by subst.v = Inz, dv =4) =In|lnz| + C,
ly| = elnlnel+C = ¢C . |In x| soy=Klnz,z>0.



