FINAL Handout
MATH 253 SOLUTION

1. For 1a)
first,find an antiderivative ,by parts / ze® dr = xe® — e = F(x)

0

/ ze® de = F(0)— lim F(z)= -1 convergent
since F'(0) = —1 and lim e® =0,
1
lim ze® = lim L » —con L’H.R.= lim =719
T——00 r——0c0 €% X z——o00 —e 7T o0
for b)
/lnm de =zlnx — x = F(z)
/ln:c dr = F(e)— lirél+ F(z) =0  convergent
0
since F'(e) = elne —e =0 and
: : . Inx : -
lim F(z)=lim rlhz =lim — ="=>" (HR.) = lim 5 =lim (—2)=0
z—0t z—07t z—0tT T™ © z—0t —I~ z—07t
For 2)
23
for f(z) = po] is defined for x # —1 and
32 (x4 1) —2® 223 + 322 272
"(z) = = = T+3)<0

forz < -3< —%
thus f is decreasing thus one — to — one and continuous,
so the inverse exists on Dy = Ry-1 = (—00, —3]

now the range of f : lim f(z) ="=2" = (by L'H.R.)= lim 32 — 40 and

o eV
f(=3) = =5 = F s0 By = Dy = [F,+)

For 3a)

we can get a sphere by rotating the region = half of a circlular disk
22 +y? < R?,y > 0 around the z-axis

soy =+VR?— 1%,z € [~R, R] and using slices

R R R
V:7r/(\/RQ—xz)de:W/(R2—x2)dm:27r/(R2—x2)dx:27r [R?’—R;} =
“R “Rr 0

4_p3
37TR.



for b)
we can get a cone by rotating a triangle with vertices (0,0),(H, R), (H,0)

around x- axis slices

the region is below the line y = %m for z € [0, H|

H
R 2 R2 m3H m 2
SOV—W/(EQ?) dﬂ?—ﬂ'ﬁ |:?i|0 —gRH
0

OR around y— awxis but the region is below the line y = £ (R —z) , z € [0, R]

so shells
R R o
VZQW/.ZU%(R—!L’ 2%%/ (Rx — z?) 27T[H‘”—;—%m3—3]0:
0 0
=nH (R? — 2R?) = ZR*H.
For 4).

we can calculate the arclength of the top half of a circle first and then ¢ = 2¢*

R
for y = VR? — 22,z € [~ R, R] we can use the formula ¢t = / V1+ () de
“Rr

—2x R?
where ' = NI 1+ ()= .2 thus
— 2¢t = 2R o 9R[arcsin£]" = 2R [arcsin1 in(—1)] =
c=2c" = N [arcsin £] 7 » = 2Rarcsin1 — arcsin(—1)] =
“R
=2r[3+3%] =2Rx
For 5)

for the domain solve 9 —2?>>0 9>2? 3> |z|sox€[-3,3] =Dy

OR

(3—xz)(3+z) >0 testing— —"¢9 — 5 — —P% — — 5 — "G __

to find F'(z) we can use by parts or subst.
F(z) = /\/ —22.1dr = xv/9 — 22— /

(split the top)=

:x\/9—x2—/%d:ﬁ+9/ﬁdx:xxﬂ—m?—F(:c)+9arcsin§+c

(derivative of arcsin)

=29 — 22— /—Qd:c =
V9 — 22

so now we’v got an equation for unknown function F(z) :
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2F (z) = 2v/9 — 22 + 9arcsin £ + ¢ thus  F(z) = £v/9 — 2% + Jarcsin £ + C
OR by inverse subst.

r=3sint dx = 3cost forte[—%,%},\/9—x2:3costand t = arcsin §

/ V9 —a2dx = 3 [4/9 (1 —sin’*t) costdt = 9 [cos®tdt =( double angle formula)

1+ cos2t

=2 [dt+32 [cos2tdt =3t +2 22 4 c= 3t + Ssintcost + c(back to x)

= %arcsmg + 5 . gf v ; >+ ¢=..as above.

For general circle 2% + y* = R? area is four times of the area below

R
y=vVR?—a? z € [0, R] A= 4/\/R2 — 22dx = (as above) =
0

R
=4 |2VR? —a? + B aresin R] =0+ 2R?arcsinl = 7R2.
0

For 6)
flz ) = arcsin r so ap = f(0) =0

so  az=Ig52 =2

and Ty3(x) = x + t2® = arcsin x when z is close to 0

thus arcsin § = T3(3) = 5 + 575 = %

For 7).

first order linear but first re-write:

for z >0 y/—xi‘zy:xln:v-e’% sop(x)=—= and P(z)= [p(z)

andu: eP(at) = e%

multiply by the integrating factor the re-written equation

sy — xi‘ze%y —zInz check whether the left-hand side =(yez )’

then (ye%)' =zlnx integrate yer = [xlnzdz+c
(byparts)fxlnxdx:ﬁlnx—f%z-ld lnx——fxdac—

=1?Inz — ;2% + ¢ soyez——m21nx——x +c

and finally solve for y y=¢€ez= (l ’Inx — ) +ce~r forxe 10, +o00].



For 8).

second order ,linear,non-homog.,constant coeft.

first the corresponding homog. equation

Y'+6y +9y =0....12+6r+9= (r+3)2 =011 =ry = -3  y =e % yp = pe
and general sol for homog. yp = Cr1e™3% + Cywe™3®

particular solution corresp.to the given f(z) = 18x?could be found in the form

Yp = ax® + bz +c

y,=2ar+b and y =2a.... back to the equation

L(y,) = 2a+12ax+6b+9ax*+9bx+9c = 9ar*+(12a+9b)x+9c+2a+6b = 182%+0x+0

compare coefficients of 22: 9a =18 a =2

ofz': (12a+90) =0 b= —3a b = —3and finally of 2° :  9c + 2a + 6b =
0 ¢c=3(—6b—2a) c=3.backto y,=22">—32x+3

Together y = Cre 3% 4+ Cywe 3% + 2% — %:c + % general solution,

finally the conditions z =0,y = % % =C) + % —(C;=-1

differentiate ¢/ = —3C1e73" 4 Cy(e73" — 3zwe ™) + 4z — &
=0,y =3 3=3+C—-5—Cr=3

Therefore the solution of the intial-value problem is

y=—e 3%+ %xe_% +22% — %m + %.

For 9).

second order,linear,non-homog

first,homog

y"+9y =0 constant coeff.;so solve 12 +9=0,r15=+3i y; =sin3z,ys = cos3x
general sol of homog.equation is Yp = €1 81N 3x + ¢ cos 3x

now

f(z) = filz) + fa(x) where fi(z) =10sin2x and fo(z) =€ "

so particular solutions could be found in the form
Yp, = asin2x +bcos2zx and y,, = Ae™”

now  y, =—Ae ®and vy, = Ae®

L(ym) = 104e™" = f2($> =e® so A= 1_10 and Yps = %Oeiz;
similarly,

Yy, = 2acos 2z — 2bsin 2z and y,; = —4asin2x — 2bcos 2z

L(y,,) = —4asin2x — 2bcos 2z + 9asin 2z + 9bcos 2z = fo(x) = 10sin 2z

compare the coefficients of sin and cos:
5a sin 2x + 5b cos 2x = 10sin 2x 4 0 cos 2z

5a =10and 5b =0 so a=2and b=0 and y,, = 2sin2z.
Together
Y = Yn + Yp, + Yp, = €103 + ¢ cos 3z + 2sin 2z + s5e7 7.
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2. For 10 a). x arcsin (2x)

for domain solve —1 < 2x <1soz € —% and use subst. 2x = u and by parts for

l
2
. U . u?
/marcsm (2x) dx = /uarcsmu du = (E arcsin u) -3 / ﬁdu (Table)
%u arcsin u+-= 5V 1 —u2—= arcsm utc= —x arcsin 2z +2 sV 1 —4z2—= arcsm 2z+c

r? 42 r? 42 (x —z)+x+2 x +2 x + 2
b. — — = — :—1—7:_1_7
r — 22 ? - 2 —x 2 —x z(x —1)

W=

so domain is any = # 0,1 by Partial Fractions
r+2 A B

a1 7 @1

and x = 1 gives B = 3 then

242 2
/x+ dac:/ —1—L de =—z+2ln|z| —3Injz —1|+¢
xr — x? z(rx —1)

(%) r+2=Ax—1)+ Bxsoz=0gives A= -2

c. zln (2x + 3)
for domain 2r+3>0 x > —%
use subst. u =2z + 3,du = 2dx, x = %

/xln(Qx—i—S)dxzi/(u—S)lnu du =
:i(%u2—3u)lnu—i/(%u2—3u) %du:

(u — 3) then by parts

= ($u? % )lnu——u + 3u+ ¢ = ( back to z)
=[1@22+3)°-222+3)|In(2r+3) - £ 2z +3)°+3 2z +3) +c
1
d. e’ > 0 always so domain any x
et 41
use inverse subst. u = ve* + 1,du = 5 \/i—ﬂewdaz OR

u?—1=e%InWw?—-1)=xdr=2

1

1
712du (Part.Fr.Or Table)=

1 1
= dr = —~7d —
/\/e"’+1 ! /ef‘f N /uQ—

= 9. 1ln‘“+1 —I—c-ln)\/—vzzi};

+ ¢ we can simplify

2
—c—l—lm‘“ﬂr —L . yerl-l :c+ln<ej—j_1):c+2ln(\/e$+l—1)—

Vertitl  Verti-1




