MATH 253
Handout # 5-SOLUTION

A

For 1) Yy +ysinz = coszsinz y(g) = 3.

the equation is linear p(z) =sinz ,P(r) = —cosx and pu = e~ 5%
multiply by the ntegrating factor u

y/efcosm + ySiIl xefcosm — (yefcosm)’ — efcos:r COS.CI?SiHZL'

so ye~ T = /e‘c"” coszsinz dx +c

by subst.u = — cos z, du = sin xdx the integral= — / e“u du = e — ue®
SO
ye~ ST = = °%(] 4 cos z)+c and multiply by e®**
y:1+Cosx+ce“’”,ﬁnallyforx:g 3=1+0+csoc=2
and the solution is y =1+ cosx + 2e°* for any x.
For 2) f(z) =In(3z — 2) and zo =1,
first ......... ap = f(1) =In1 =0, then
3

using Chain Rule :f/(x) = Gg g a; = f'(1) =3

-2 - 1) _ =9
f”(l’) :3(—1) (3113—2) -3 = m .......... a9 = 5 = 5

f— 54 "

f,/,<$):—9(—2)(3x—2)33:m ....... a3:f3§1)2%29
and

T3(z)=3(x—1)— 2(x —1)2+9(z — 1)

T2

Now to get In2 we have to find x: 3z —2=2..s0x = % and
2= Do) =31 3440 =1 b b= el
In2 = % (not a very good approximation)
For 3) (z+1)y+(1+y)z*>=0
d —22(1
re-arrange the equation Y _ y = M ....... separable
dx r+1
y = —1 for all z is also a solution,y’ = 0;
for y # —1 separate
Logy= =% integrate [ ——d f_xQd
—dy = x now integrate [——dy = x
1+y"7 T o+l & 1+y 7 7 o+t

on the right a rational function so long division first or subst. u =z + 1
fl—x2—1 (1—z)(z+1)

de = [
z+1 ) z+1
back to equation

z2
1n|1+y|=—x—;+x—1n|x+l|+c y+1=de e Tt . g Inlztl]
finally denote A = +e°
2
Ae~Tte
y:—1+%f0rm7é—1
Y
For 4 = —2)=1.
or4)  y pr— y(-2)

1
dm—fx—ﬂdx:x—m—;—ln|x+1|+c



y = not sep.,not linear so re-arrange for x # 0,y # x
T —y
y
y = 1 “— subst.u = £, y = u'x + u gives a separable equation
x
2
u u 2 u
wr +u= W = — = YUt u#1
1—u 1—u 1w 1—u’ 7
separate
1—-u dx . 1 1
2 du = - integrate [ (E - E) du=In|z|+c
80,

— —In|u|=In|z|+c¢ backtoy
u

(ln’%’ =In|y| — In|z|) thus

—"; —Inly|+Injz] =In|z| +¢

and cancel In |z| and multiply by y : —z — yIn|y| = cy for any y # 0
now r = —2,y = 1,solve for ¢

2 = ¢ and together x = —yln|y| — 2y,y # 0 (implicit form)

B

For 1) f(z) = e *"and o = 1,

first ......... ap = f(3) = €” =1, then

using Chain Rule :f'(z) = =% (=8z) ........ ap=f'(3)=—-4
Product Rule: f”(z) = (—8)e'™%*(1 — 822)......... a =L D =4
and

Th(z)=1—4(z — 3) +4(z — 1)

—

Now to estimate ei we have to find x such that 1 — 422 = %,

14,2 2_ 1 .. _ 41 1 1
so y = 4z*,and 7° = 5,z = %3 but 7 is closer to 3

et = To(3) =1—4- 7 +4- = =225 (not a very good approximation)
For 2) y —2ry==x

the equation is linear p(r) = -2z P(x) = —2?and p = e~
multiply by the integrating factor u

/
ye ™ — 2pye ™ = (ye’mz) = ze ™ so ye ¥ = /xe’mZdﬂc +c

z2

1 —1
by subst. u = —2%, du = —2xdx ,integral = —3 etdu = 76“
1
SO ye‘xz = _56_362 + ¢ and multiply by e to get
1 )
y = — + ce* for any x.
Note: The equation is also separable.
For 3) (22 + 1)y +2(1 +y)z*> =0
—22%(1 +y)
. d

re-arrange the equation 2% =y = 1 sep.
y = —1 for any =z is also a solution,y’ = 0;for y # —1

1 —2z2 1 —2z2
—dy = Y _dz now integrate [——dy= [ T dx
14y x2+1 14y 2+ 1



x? —1—1—1

Injl4+yl=-2f/——— 1 —5——dz =21 +2 [ Fgdr = —2r 4 2arctanz + ¢
‘1 + y| — €—2x+arctanx . ec Yy = -1 + Ae—21—|—arctanx, where A= +e€
Y

For 4 "=

) Y Tty
y = n not sep.,not linear so re-arrange for = # 0,y # —x

Ty

y
"= —2— subst.u = £,y = u'z + u gives a separable equation
N u ) u u—u — u? u?
ur+u= u'r = —u= =
14+u 1+u 14+u 14w

separate for u # 0 but u = 0(y = 0 for x # 0) is also a sol.
14+u
2

dz
du = —— integrate [ (; + 5) du=—lIn|z| + ¢
T

u
S0
—1
o +1Inju| = —In|z|+ ¢ back to y :using In ’%) = In |y| — In |z| we get
_Tm+1n|y| —Injz| = —1In|z| 4+ cand yIn|y| — cy = = for any y # 0
C
For 1) f(z) = arctan(3z) and zo = 0,
first ......... ap = f(0) = arctan 0 = 0, then
3 3
using Chain Rule :f/(x) = T (32)° = Trom a; = f'(0) =3
_ —541} "
") =3(=1)(1+92%) 7 180 = ————.......... =0 -9
) = 3(1) (14 909 180 = s = £
by Q.R.
14922)% —2-2(1 +922) 18z -
F"(z) = (—54) ( ) ( )18z .. a; =0 === 9

(14 922)*
and T3(z) = 3z — 923

Now to get arctan 1 we have to substitute for z = %
arctanliTg(l) 3-4-9-5=1-3=12
m =4arctanl = 2 (not a very good approximation)

For 2) xy = x2 +y
for x # 0 we can re-write the equation as ' — ¥ _ x

x
-1 1
so it is linear and p(z) = — ,P(z) = —In|z| =1n ‘— and p = —
x x
multiply by the integrating factor u
1 !/
/__%:<Q):1 g:fdm—l—c:x—kc
r x x
and finally y = 22 + cx for any x.
For 3) (x+y)y +y—3x=0
) , 3r—y i
re-arrange the equation ¢’ = PR not sep.,non-linear but homog.
rTy

fory # —x, 2 #0



3r—y 3-4%

! 2 Now substitution....u = 3/ = vz +u  gives

r4+y 1+47%
, 3—u , 3—u 3—u—u—u* 3—2u—u?
UTr+u=——.... ur = —u= = ...
1+u 1+u 1+u 14+u

14+u T ) . .
————du = — for integration of the left-hand side
3—21{—u2 x oyt 2

ﬁ u=—1 / #—;_gdu = —11In|u? + 2u — 3| since the top=(bottom)’
\OR
use partial fractions

I+u I+u 1+u A n B
3—2u—u?  w2+2u—3  (u—1)(u+3) u—-1 u+3
so —(1+u)=Au+3)+Bu—1)...u=1... —2=A4A... ==t
for u = —3......... 2=—4B...... = %....back to the diff.equation

Sthn|(u+3)(u—1)| =In|z|+c..In|(u+3) (u—1)] = —2In|z| + C
apply exp.function to both sides
l(w+3)(u—1) =eC-|z| ... (u+3)(u—1) = A%....back to y

— A
<y . 3x> <f‘/ x) 2 (y + 3x) (y — x) = A......general solution

x x
For 4)
y'(2? + 1) cosy = —z siny separable
: cos y —x
fi 0 = d
or siny # Sny Y 211 T
integrate
COS Y , Ju '
[ ——dy = (subst.u = siny, du = cosydy) = [ * = In|u| = In |sin y|
sin y
—xdz 2 1 1 2
and/ 21 (subst.z? + 1 = u, zdr = 5du) = —5In|2* + 1| +c
x
back to diff. equation
_1 A

In|siny| = In|z? + 1 F o G, siny = +e°- (22 4+1)7% = ————

241
to find A substitute x = 0,y = —5

1
sin=F =—-1=A-1s0 A= —1finally siny = ————=
241

and y = arcsin \/;ﬁ for any x since —1 < == < 0

241

D
For 1) Yy —y=¢€"Inz y(l) = -1

it is linear and p(z) = —1 ,P(x) = —x and p = e~
multiply by the integrating factor u
ye ™ —ye® = (ye®) =e* Inw e

ye = /lnx dr +c =z Inx — x + ¢ ;multiply by e”to get

T

=Inz soforz >0

y =ze*Inx — xe® 4 ce” for x > 0.

for 2)
Ts for f(z) = e'*" and zy = —1
first ......... ap = f(—1) =€’ =1, then



using Chain Rule :f'(z) = =" (=2z) ........ a; = f'(—=1)=2
by Product Rule

f'(x) = (=2) e [1 = 227] oooeve. ap =0 2 =

2 " __
(@) = (=2) ™" [~z — 2z +42%] ... az =1 3 D — %4 = _72
and

Ti(z) =142z +1)+ (z+ 1) — 2(z+ 1)

Now to estimate eiwe have to find x such that 1 — 22 = %

so 22 = § and z = £5 but z = 5t is closer to —1)

el iT3(_%>:1+2.%+i_%.é:2—}—%:2—1—%:2.16667.

For 3) yy =2y —x y(1) =0

For y # 0 rewrite the equation as ¢y’ = 2 — L so it is clearly homog.II type,first order
()

the substitution u = £ will give us a separable equation v'z +u = 2 — %

B C}‘ B u P w—2u+1
;uZdu:—lenquCforu#l
(u—1) z
— l—u—1 —1 _
Now/—u2du:/%du:/ du— [ (u—1)"du=
(w—1) (w—1) W1
= —Inju—1]+@w-1)" (or subst. v =u—1
SO —Inju—1]+ (u—1)"=In|z|+ C,

back to y :using In |u — 1| = In |y — x| — In |z|
“1
(%—1) =lnly—z|+C y_%:ln|y—:c|+0fory7é:c

but also (u = 1)y = z is a solution satisfying y(0) = 0.
Now,if x = 1,y = 0,0 solve for C': —1 =C

and the solution is =Inly —z| -1

—
For 4) xlnz -y =y
the equation is first order,separable,also linear homog.: for z > 0,z # 1

dy dx . .
we can separate : — = and by integrating we get:
y xlnz
d
Inly| = [ T Inz| + C (by subst.v = Inz, dv = )
rlnz x
ly| = elnlne+C — eC . |In g SO y=Klnz,xz >0.



