Mathematics 253 Lab Worksheet, Labs B25-B32
D. Kinzebulatov, J. Macki, P. Rozenhart February 28-March 4, 2005

1. Use partial fractions to evaluate the following (remember to divide if the degree of the
numerator exceeds the degree of the denominator):

32 —Te — 4 —z2 4+ 11z x?
d b d dz.
(2) /:1;3—2:1;2—:1;—|—2 v, (b) /(:1;—1)(:1;2+4) z, () /3;2—1 ‘

Hint: In (a) the denominator vanishes for x = 1.

Solution: (a) The polynomial 2® —22? —x + 2 vanishes at = 1, so (x — 1) is a factor.
We can then factor the polynomial: 2* — 22? — 2 +2 = (z — 1)(2? —  — 2), and the
quadratic factors easily to give

322 —Tx—4 322 —Tx —4 A B C

P2 —e42 —De—2@t) -1 ti2tirT

The theory of partial fractions tells us that this will be solvable for A, B, C'. We re-
assemble the right side over a common denominator and equate the resulting numerator
to the original numerator:

3:1@2—7:1;—4:A(:z;—Z)(:z;—l—l)—I—B(:L'—1)(:1;—|—1)—|—C(:1;—1)(:1;—2).

If we set x = —1 in this identity we get 3+7—4 =6C = C = —1. If weset x = 2, we
get 12—-14—-4=3B = B=-2.Ifwesetz=1weget3—7T—-4=-24 = A=4.

Therefore
Ju? —Tx —4
/ T Tx d:z;:/ 4 B 2 B 1 dr —
3 =222 —qx + 2 rx—1 xx—2 x4+1

—1)4
:41n|:1;—1|—21n|:1;—2|—1n|$_|_1|_|_021n{( (x—1) }-I—C.

(b) We know that the integrand can be expanded in partial fractions in the following
form:

—z2?2 4+ 11z _A:L'—I—B C

(x —1)(x*+4) 2244 + x—1
We re-assemble the right side over a common denominator and equate the resulting
numerator to the original numerator: —z?+1lax = (Az+ B)(z—1)+C(2*+4). Setting
x =1, weget =1 +11 =5C = (C = 2. To get the remaining unknowns we have to
resort to equating the coefficients of powers of x:

2 —1=A4+C = A=-3;

z:1ll=—A+B = B=28.

—z2 411 — 2
/ zc+ 11z d:z;:/ 3:1;—|—8_|_ dr —
(x — 1)(x2+4) 244 x—1

Thus




3 2 8 1
:——/idx+—/72dx—l—21n|x—l|—l—cz
244 4 1_|_[]

3
= —§1n (:1;2 —|—4> + 4 arctan <g> +2In |z — 1]+ C.
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(c) We divide the polynomials to get:
4

R
x?2—1 2?2 -1
By partial fractions, we have
I 1 o ;
:1;2—1_(:1;—1)(x+1)_:1;—1 x+1’
S0
J/A 2 % % d
d = 1 — =
/:1;2—1 ! /[:1; + +:1:—1 :1;—|—1} !
J 1 1 1 |l — 1]
= —2’+z+-Inlz—1]—=-lnlz+1|+C==2*+z+In| Lt——| +C.

. Use integration by parts ( U = sin""'(z)) to show that
I, = /sin”(:z;) dx = — cos(x) sin”_l(:zj) +(n—1) / COSZ(J}) sin”_z(:p) dx

then use cos?(x) = 1 —sin*(x) to get the recursion formula

1 —1
I, = ——cos(x) sin”_l(:zj) + n
n

I, 5.

Now use the fact that f0§ sin(2) = 1 and the above reduction formula to show that

z 2 z 4.2
/ sin3(:1;) dxr = —. and / sin5(:1;) dr = )
0 0 -3

[
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Look at the pattern and predict the value of f0§ sin'!(x) dz.

Solution: We set
U=sin""Yz), dV =sin(z)dz

dU = (n —1)sin""*(2) cos(z)dx, V = —cos(x)

to get

I, = /sin”(:z;) dr = — cos(z)sin" " (x) + (n — 1) / sin”™?(z) cos®(z) dv =

= — cos(x) sin”_l(:zj) +(n—1) / sin”_z(x) [1 — sin2(:1;)] dz =

= —cos(x)sin" ' (z) + (n — V) _g — (n —1)1,.



Thus we have I,, = — cos(z)sin" *(z) + (n — 1)I,_y — (n — 1)1, and we can solve for

I, to get
1 n—1
I, =—— in"~* I, .
" cos(x)sin"" (x) + " 9
If we have limits of 0 and 7 on the integral then we have
1 = -1 -1
I, = ——cos(x)sin" " (2)]2 + n—[n_z - L._s.
n n
For n=1 we have [, = f0§ sin(a)dx = 1, and for n = 3 we have

z 31 2
[3 = /0 SiHS(l') dr = 3 [3_2 = g

For n = 5 we have
51

2 4 2
[5 = /0 Siﬂ5($) dr = 5 [5_2 = g . g

This pattern suggests (correctly) that

/% 10 -
0

sin'!(z) de = T
3. (for those who finish 1 and 2 early): Evaluate (Hint: Kill the ugly function):
arcsin(x
[
Solution: We integrate by parts:
1

U = arcsin(x), dV = e

1
dUﬁdl’, VZQ\/1—|—$
Then
1 val
/%dszl—l—xamsin(m)—Z \/%dx:
1
=1+ zarcsin(z) — 2/ de =1+ zarcsin(z) + 41 —a 4+ C.
Vi—x

Here we used the fact that

%:\/E, witha=1—2, b=1— 27

and also the fact that 1 —2* = (1 — a)(1 + ).

dx




