Examples of Second Order Linear Differential Equations

First of all, there are two different “species” of such equations, the homoge-
neous ones (where the right-hand side is 0) and the non-homogeneous ones
(where the right-hand side is different from 0).

Homogeneous Equations
The basic idea is to find two different solutions ¥, (z) and yo(z) and then

the general solution is

y(x) = Cryr (2) + Caya(x)

for some constants C; and Cs.
You do this by “hunting” for an exponential solution of the form

y(x) = M.

For example, to solve y” — 63’ + 8y = 0, substitute in y = e** to obtain
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Solving for A\, we have
A=2)(A—4)=0

so that, A = 2,4. This means that

yi(z) = e?*  and yo(z) = et

are two different solutions and so the general solution is
_ 2x Az
y(l’) - 016 + 026 ’

for some constants C; and Cs.
We can take a short cut here — notice that the coefficients of the quadratic
in A\,

A2 —6)+38

are ezxactly the same as the corresponding coefficients of the original differ-
ential equation
y' — 6y + 8y =0.

This will always happen and so you can just skip the substituting y = e*
step and go directly to the right quadratic in A. By the way, this quadratic
has a name — it’s called the characteristic equation. Here is a summary of
what can happen.

e Distinct Roots. The example we just finished is of this type. Here is
another. Let’s solve the equation y” + 8y’ + 15 = 0. The characteristic
equation is

AN +8A+15=0



which we factor to obtain
A+3)(A+5)=0

and so A = —3, —5. Hence,

—3z -5z

yi(z) = e and yo(r) = e

and the general solution is
y(z) = Cre " + Cye ™"

for some constants C; and Cs.
Double Roots. For example, let’s solve the equation

! /

y" — 10y + 25y = 0.

The characteristic equation is

A —10A+25=0

which we factor into

(A—5)*=0.

Hence, A\ = 5,5 i.e., we have a double root. This still means that
y1(x) = €5 is a solution but the problem is that so far we have found
only one solution, and we need two. It’s actually not such a big problem
as, it turns out, that multiplying by x always gives a second solution.
Specifically,

yo(z) = 2™

is a second solution and the general solution is
y(x) = C1e™ + Cowe™
for some constants C; and Cs.
Complex Roots. For example, let’s solve the equation
y" + 6y + 25y = 0.
In this case the characteristic equation is
A2+ 6X+ 25 =0.

We won’t be able to factor this one, so we solve using the Quadratic
Formula,
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So, as you can see we have two complex (conjugate) roots. When this
happens the two solutions will have sin and cos components. Specifi-
cally, in this case,

y1(z) = e cos(4x) and yo(w) = e ** sin(4x)
and the general solution is
y(z) = Cre " cos(4x) + Coe " sin(4x)

for some constants ¢ and Cj.

Non-homogeneous Equations

These are again, just the ones where the right-hand side is non-zero.
The basic rule for solving them is to find any particular solution of the non-
homogeneous equation, y,(z) say, and then the general solution is just

y(@) = yn() + yp(2)

where y () is the general solution of the associated homogeneous equation.

Here are some examples of what can happen. It’s generally better to first
find the general solution of the homogeneous equation, as this can have an
effect on how you have to “hunt” for a particular solution y,(x).

e Constant RHS. For example, let’s solve
y' =3y +2y=5.

First find the general solution to the homogeneous equation, y(x).
Just like before, the characteristic equation is \> — 3\ 4+ 2 = 0 which
we factor into (A — 1)(A —2) =0 so that A = 1,2 and

yp(z) = Cre” + Che®®

for some constants C; and Cs.

Now to find y,(z). The basic idea is try looking for a y, of the same
form as the RHS. In this case the RHS is a constant so we try to find
a yp that is a constant, i.e.,

yp(x) = A
for some constant A.
Substituting into the equation (since y;, = 0 and y, = 0) we have
0+04+2A=5
so that A =5/2 and
yp(x) = 5/2.

Hence the general solution is

y(x) = yn(z) +yp(2) -
= Cie"+ G + 3

for some constants C; and Cs.



e Polynomial RHS. For example, let’s solve
y' — 3y + 2y = 2”.
The homogeneous equation is the same as our first example and so
yn(x) = Cre” + Che™

for some constants C and Cs.

To find y,(z), we again try a y, of the same general form as the RHS. In
this case the RHS is 22 which is a polynomial of degree 2 (a quadratic).
Hence we try a y, that is a general quadratic, i.e.,

yy(r) = Az* + Bx + C

for some constants A, B and C' (which we will need to find). Calculat-
ing, we have

yp = Az’ + Bx + C, y, =2Ax + B, i) =24
and so, substituting into the equation we obtain

2A — 3(2Ax + B) + 2(Az* + Bx + C) = 2%
Collecting terms, we have

2A2% + (2B — 6A)x + (2C — 3B + 2A) = 2*

and then comparing coefficients of powers of x we end up with three
equations

24 = 1
2B —-6A =
20-3B+2A = 0

in the three unknowns A, B and C. We solve these (by Gaussian elim-
ination) to obtain

1 3 7
A—i,B—EandC—Z
It follows that
W) =gt Tt Ty

is a particular solution, and the general solution is

y(x) = () +yp(2)
= Ore” + Che®™ + (1/2)2* + (3/2)x + (7/4).

e Exponential RHS. Let’s now solve
y// . 3y’ =+ 2y — 631.
The homogeneous solution is, as before,

yh(ZE) = C’lex + 02622:
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for some constants C; and Cs.
To find y,, the RHS is an exponential and so we try a y, that is an
exponential of the same type, i.e.,

yp(x) = Ae®

for some constant A (which we need to find).

Substituting into the equation, we get

9A€3x_3(3Ae3w)+2A63x — 3
(9A — 9A + 24)e* = ¢

24 =
A = 1/2

and so

1 Ui
yp(x> = 563

is a particular solution and the general solution is
y(x) = yn(z) + yp(2)
= Clem + 02621 -+ (1/2)6396

There are of course, more complicated possibilities. If, for example, the
RHS were z2€3* then you would try a y, of the form

yo(x) = (A2 + B + C)e™,
and so on.

Trigonometric RHS. Let’s solve
y" — 3y’ + 2y = cos(4x).
As before,
yn(x) = Cre” + Che™.

In this case, the RHS is a trig function and so we look for a y, that is
also a trig function of the same general type. Specifically, in this case,

we try
yp(z) = Acos(4z) + Bsin(4x)

for some constants A and B (which we have to find). Calculating, we
have

Yy, = Acos(4z)+ Bsin)dx)
y, = —4Asin(4r)+ 4B cos(4x)
y, = —16Acos(4r)— 168 sin(4x)
so that when we substitute into the equation we get
{—16Acos(4z) — 16Bsin(4x)} — 3{—4Asin(4z) + 4B cos(4x) }
+2{Acos(4x) + Bsin(4z)} = cos(4x)
(—16A — 12B + 2A) cos(4x) + (—16B + 12A + 2B) sin(4z) = cos(4x).
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Then, equating coefficients, we have

—14A—-12B =
—14B+12A = 0.

Again, we solve this system of two equations in two unknowns (by
Gaussian elimination) to find that

A= _ T and B = —i.
170 85
Hence,
(x) = _T cos(4x) — 3 sin(4x)
=0 85

is a particular solution, and the general solution is

y(@) = (@) + yp(x)
= C1e” + Cye®™ — (7/170) cos(4x) — (3/85) sin(4x)

for some constants C; and Cs.

Mixed RHS. It is possible that the RHS is a combination of the types
we’'ve been discussing. For example, what about

y”—3y'+2y:x+e4x?

Acutally, this is not such a problem. The way you find a y, is to split
it into two parts

y' =3y +2y=2 and y" —3y +2y=e"",

find y,’s for both of these, and then the y, you want is just the sum
of these two. For this particular example, for the first equation, 3" —
3y’ 4 2y = =, you try a y, of the form

y;:Aa:jLB,

substitute into this (first) equation as we’ve been doing, asdn solve for
A and B to get A=1/2 and B = 3/4, so that

1 3
1 P — J—
yp(:ﬁ) = Zx + 1
Similarly, for the second equation, y” — 3y’ + 2y = €%, you try a yﬁ of
the form
yr = Ae*,

substitute into this second equation, and solve for A to get

1
A==
6
so that ]
2 4z
yp(x) - 66



Hence,
1 2 13 1,
up(2) =y (w) +yp(0) = o+ + e

is a particular solution and the general solution is

y(x) = yn(2) + yp(2)

1 3 1
= Cie” + Coe®™ + —ax + = + —€™
167+ Cae —|—2x+4—|—6e ,

for some constants C'; and Cs.

Alternatively, if you wanted to do everything together at once, you
could try a single y, of the form

y, = Az + B + Ce**.

There are some slight complications that could arise. Here’s an example.
Suppose we wanted to solve the equation

y' — 3y + 2y =¢€".

This looks very much like the ones we’ve been doing, and it is. There is
however, one subtle difference. Let’s see what this is.
If we followed our normal procedure, we would try a y,(z) of the form

yp(x) = Ae”.
But then, when we substitute into the equation, we get

Ae” — 3Ae” +2Ae” = €*

(A—3A+42A)" = ¢€°
(A—-3A+424) = 1

0 1

which is not possible!

What went wrong? Well, the basic problem is that the RHS, e*, is a
solution of the homogeneous equation (recall the two roots were A = 1, 2), and
then so is Ae® for any multiple A. Hence, when we substitute our candidate
yp into the equation, the LHS evaluates to zero, while the RHS does not! How
do you get around this? It’s not so bad, as all you have to do is multiply by
x, l.e., try a y, of the form

yp(z) = Axe®.
Let’s see what happens. Calculating the drivatives, we have

yp = Aze”
y, = A{e” +uxe”}
y, = A{2e" + e’}



so that, substituting into the equation, we obtain

Ae®(2 + x) — 3Ae®(1 4+ z) + 2Axe® = €°
e"{AQ2+x) —3A(l + z) + 2Az} =
A2+ 2) —3A(1+ )+ 24z =
(A-3A+24)r+ (2A-3A) =
Or—A =

— = =X

so that A = —1 and

Yp(x) = —ze”

is a particular solution.
The general solution is then

y(@) = (@) +yp(x)
= C1e” 4 Che™™ — xe”

for some constants C; and Cj.

It can actually be a bit worse. Let’s try the equation
y// . 2y/+y — %

We first solve the homogeneous equation. The characteristic equation is

N =2X+1=0
which we factor into
(A=1)*=0.
hence A = 1 is a double root. This means that both y;(z) = e* and
y2(x) = we® are solutions of the homogeneous equation. Just as in the

preceeding example, y, of the form y,(z) = Ae” is a solution of the homoge-
neous equation and hence no good. But now also, the fix that worked last
time, multiplying by z to try y, = Aze” is also a solution of the homogeneous
equation, and so equally bad! What to do? Well since multiplying by x once,
worked before, let’s multiply by x a second time, and try

y(r) = Az’e”

and see what happens.
Calculating the derivatives, we get

y, = Az’e”
y, = A(2ze” + 2%¢")
yn = A(2e” + dxe” + 2?e”)

so that when we substitute into the equation we get,

Ae®(2 + 4w + 2°) — 24e" (27 + %) + Ae"(2?) = €”
A2 +4x 4+ 2% — 2420 +2%) + Az = 1
(A—2A+ A)x* + (4A —4A)z +24 = 1

02 +0x+24 = 1
A = 1/2.



Hence,
1 2 x
yp(z) = gtve
is a particular solution, and the general solution is
y(@) = yn(z) + yp(2)
= C1e” + Cyze® + (1/2)a%e"
for some constants C'; and Cs.

By the way, this procedure for finding a y, of a certain form has a fancy
name: The Method of Undetermined Coefficients.



