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5. 70 The marginal distribution of ¥; is fi(y1) = 1 for 0 < g < 1, so that E(Y;)

5

62 a. E(W)) =np=

=2() =5

b. V(Yl)#npu—pk (%)(%)

¢. EWi-Y2)=

EM)_—

5 68 Refer to Exercise 5.14.

Thus, E(Y; - Y5) = % -

E() = f TJ n Sy, pe) dyy dye =

—p0  —ED

C g vie]! 1 Ei
0

By symmetry, E(Y2) = and E(301 +25}”g)

E(Yz )_f_

1

0

1

|~

(]

= 1. Using the joint distribution of ¥; and Yo, we obtain

I
E(Y)=[ [ 2 dydy = f

As we know ¥) and }@ are geometric(p) random variables, £(Y])

1 _
1=

Then E(Y; — Y3) = 0.

B((Yi ~¥2)?) = (Y)~2cha)+E<Y2)—z(?ﬂ X

Vi -Yi) = E((Y;

independent and identically distributed then V(¥
Tcheyscheff's theorem says (Theorem 3.14)

~¥5)?) =

We know V (V) = 552 = E(Y{) - E¥(Y

1) =

1 1
[ |y +32) dyr dy2
00

(30 + 25) () =32.08.

f 0N dyl

= E(Y2) =1/p.

E(Y) - . Therefore.

B(Y2) = E(Y?) = 52. Note then E(Y,Y;) = B(Y)E(Y:) = &.
().

(—P,E) Recall the following general fact. If Yiand Yare

—-Yr) =2V (%) =2V (Y2).

P

P([Yi— Y2 —0| <30) > 8/9.

Therefore ( — 30, 30) where ¢ = 1}2(1—;}3) will contain Y, — Y5 with probability at least g—.




5. 76 Refer to the joint distribution of ¥ and Y; given in the solution to Exercise 5.3.

E(W)=4  (fromExercise 5.45) . T
By =1 (8) +2 () + = § = |
EMYy) =101) (&) +2(1) (& i) =8=1" SU——

since all other products mvol\,_re a zero term and hence add zero to the expectation. b
Thus Cov(Y1, ¥2) = 1 — (4) = - % . ‘ | -

——= 578 From Exercise 3. 65 E(Yl) = Land B(Y)) = -
(Yle)—f f 6y1a(! = v2) dyy dy> = J"3(yq—yz)dJ i-i=%

Cori ¥ =H~} = %

Since Cov(Y}, Y2) # 0, ¥) and Y are not independent. . T

5.84 o Ev)=E(Z ) = 0. E(Ys) = E(2%) =V(2) =1. , . _
Rt b. E(Y1Y2) = [Z‘“’) To find the the expected value of the cube of a standard normal, we will
use the method of moment generatmg functlons Recall the the mgf of a standard normal is e
e ¢t'/2, Note then ; ’
3‘:‘53&’{2 = g (t :*rz) 2 %( /2 +t etiﬁ) tet/? 4 9otet' 12 4 13eL')2 e
which is 0 when t = 0. _ |
¢. Cov(Yi, Ys) = E(ViYs) — E(Y)E(Y;) =0-0=0. - ™
d. Y; and Y» are not independent as P(Yn >V >1) =1 #PYe> 1). This is an '
example where 0 covariance does not imply independence. Do not confuse this with the result v
that two normally distributed random variables are mdependent if and only if their covariance L
e is 0. Specifically Y3 is not normally distributed rather it is a function of a normally distributed o
random variable (in specific Yr-ls distributed as a chi- squared with 1degree of freedom) s e

588 a. The probability distribution of X' = Yl -+ Yg can be found from thc table given in
the solution to Exercise 5.3 as follows. ; -

P i ] 2 3
pl) @ a 5 -
e Then )
. 7 2 o B4 105 i ) S
S BO=ft B g R
EX)=g+3+% =% ’
. V(X]z‘-‘f—“—%?:.SBBE? ' - | T
b. From previous emcrmses EW) = 5‘3— E(Y2) = 1, Cov(V1, V)= - % Calculate L__._ o
; [
VR =1 () +4 () +9 () - ¥ - o

_ and ' ' _
T V(Y2) =1(5) +4(%)+9(8‘—4‘) -1=% | |
- Using Theorem 5.12, we obtain
o ¢ g EVi+Y) =1
1
3

V(Y&""YZ)-—IS'*“Z'}'Z(




5.90 vy, —3v2) = & +9 (&) -6 (%) = & = 3375
~ (See Exercise 5.65 for V(Y1) and V (Y2).) I ——

599 a. Using the multinomial distribution with Py = pg = pd:: %, . _ _
6 H %
PV =3Y,=1Ys=2)= 3rzlzl'-‘( ) (%) (%) -?60(%)-;-0823
b. Referto Theorem 5.13 in the text. - , ;o
EY)=np = ~and (Yl) =npq = % _
¢. Refer to Theorem 5.13 in the text. & oL

Cov(Yi, Y2) = —npips ()() —% ;- : b e

d. E(Y;-Y;)=5-3=0 cand -
V-V =Bsg-2(-§)=%=1 | -
- 5.100 E(C) = BE(¥;) + 3E(Ys) = npy +30py © SR Y. )

v(C) = (Yl)+9V(Y2)+6CUV(YI!Y2)—nPIQI+9“172q2 6np1p2

5.106 E(v) = 10001) = .1; V(1) = 10(.1)(9) = 9.
E(Ys) = 10(.05) = .5; V(¥a) = 10(.05)(.95) = 475.
Cov(Yi, Y2) = —10(.1)(.05) = —.05;
HK+HH~(HH4H%%4+HJ-H
VIV 4 3% = V() + 32V (¥;) + 2(3)Cov(¥;, Y;) = .9 +9( 475) 4 s( 05) = 4875

6 2 Calculate

Fely)= [ 2edt=1( +1)

for—1<y<1
a. Fyl(u)=P(3Y§u)=P(Y§%)=Fy(%)=%(%+l) for -3 <u<3

Differentiating with respect to u, we have
, : ,—3<u<s3 . T
fun(w) = { 180 elsewhere | . '
b. Fu(w)=PB-Y<w=PY 23-u)=1-F(3—u)=1[1-'3-u)? i
R for—-1<(8—u)<lor2<u 534} (3D|ffer)ennatmo wztt;respect to u, we have . _
(m —u), 2<u<
e ; fun(w) = { 0, elsewhere S
¢ Fu() = P(¥* S = P(-ya<Y < i) = By (Vi) = Fy (~V/3)
= e = u'? + W= for0 <P <lor0<u<l. I
e Hence
fl) =3l =3va e
_______________ = for0 <u<l e s




et e 64 It is gwen that f(y

v N —— S
L Fe(y)=[ jeftdt=1-e  y>0 | -
1]
: g Blu]=PEY41 gu) = F¥ £ 31 = —eneriis foruz1 e
- Finally, (et S
- - 4 _ o G e >1 . S
: fu (H) — du Fy(u) = { 0, elsewhere L - B
B - & i
b, E(U)=[ &el-12du=e?[ rew12=12" [ ze*dz=18" . o
o 1 x 1 112
where z = 1/12 and we used integration by parts to evaluate the integral o
6 8 The region for which ¥; — Y2 < u is shown in N
s ‘Figure 6.3 over the region for which ) and -
.o Yo are positive and 2 < . b S
B a. Fy(u)=PW —-Y2<u) = '
ca patu - -—
ppen e e o & ST =:f f TeTH dy] di |
: : B T ' i
e foru>0. Then fy(u) =™ foru=0, L
which is a gamma density with o = g = 1. " L
P b. E{U)=cf=1LV{U)=acf =L : .
S 'i
B I
u : PSRN
o o N -
Figure 6.3 -
- 622 a. _Let U = Y™, Then using the transformation approach, we have - e
___.______I . YzUlfm i o
and - S
oo € Lyli-m/m — Ly~(m-lm
so that i ST R e e
e ey . _G'U(U] — 4 im (uijm) 1, -—ufu:x % gy (m=1)/m _ :1]—8_“-’!0
e m foru > 0. ' A
b. E (YR = B (Uk,:’m) J‘ *Fme -ufr du=1 P( e ]) (k/m)+1 _F (i + 1) k/m SRR S
S |
Note that the integrand is the density (except for constants) ofa gamma vanablc ' Ill =EVES
S with parameters (£) + 1 and e, so that integration can be done by choosing the
necessary constants. ' ——————

—[ Yeo v/ fory > 0. Then -




o B24 =1 rro<y<i L
U = -2 InY;solving for y,
O Iny = — % which gives y = e~¥/2, : e .
= (-Den

du =

—— Thus, __ - s I _
B () = F@) g =1](-D e[ = (1) e foru> o R
which is exponential with § = 2.

e ’%I = (}) (g)—!;’? _ (%)Sﬁ?pd;z; FemlE, | e
Then , ) 'j . S

SRME SR = 2l o 5
f(p) = 557?;}?5 = 4__12;1 |
for 9 < (/% < 11 or inother words 162 < p<242,

—— B6.281tv =2v*+3,then Y = (%2) " and || = (}) ( u_s)f'Then .
: for 1<(%8)?<5 or 5<u<53

| 1
e folv) = s = s

fu(u) =0 elsewhere

654 a. ' First note that, by independence, we have
e Frva(1,92) = (1) f(2) = ey g e n w8 —
, NowletU = ?%17; and V' =Y] +Y,. Then y, = uvand y; = v(1 — u) so that

- the Jacobian of the transformation is J = v (see example 6.14). Thus, the joint
o density of I and V is ; S e
1
fov(e,w) = (u0)® " (1 — u))or-le-v/by, ] o

e T(a)T () for e
| 1

¥ e =1 =1, m+a-1_—u/f
S L B = I‘(Cfﬂf(&g)ﬁ“l‘f“*i il (1 = u)ﬂz potar B. / .
: when0 < u < landv > 0, pgeses o
|
i- e — -—




e58) Cemtmd) NS

T b. Notice that !
; 1 a—1 —ljx foa—1 -
_ 1—w)™ ortar=1 g=v/8
- R e U ) B R Y B _
' 1 m-‘l as—1 gagtaz 0
R L e — 1= =i ay+az \
()T (.:)cg)ﬁ""‘“"2 ( ) (e Qﬂz_)ﬁ CE ' S
S T'{ay -+ O.z) -] ey
== —_—1 4 — )
el " ~ -
e forO < u < 1. Thus,U ~ Beta(al,ag)
c. This problem is very straightforward using the method of moment generatmg functions. e
= Alternatively we could calculate the density of V directly,
1 R e 21 i o ) B
o ; Av) = un T (1—u ar=lgerter=lg=v/B,,
MO = e : . o
_ 1 pota=ly -—l,fﬁr(al)r(a?)
F(&;)F(ﬂg)ﬁ“’+a? : ) I‘(a1 -+ 052) TR - e
R e T — ot ] Cl|+ﬂ;_t-'] —L',I‘ﬁ ) ' I
T(a) + az)ﬁm-i-ctzv € Ty L TR . -

e . forv>0. Thus, V ~ Gamma(a; + az, B8).

d. fuy(uv)= (aur‘(al»)'ﬁ—r‘m U7 (1 = )l “‘H A

_ | Mertes) a1 i soxtguiB) - A
e W (ﬁ%um (1—'1:,]‘?".2 )(mvﬁ: o3 L/) | | |

= fulu )fv( ) which implies the independence of U and V. it

6 56 a. By independence we have
Frnynye) = ) frl) =1 SO —

- 2 for0<y1 <10< <1 Then the inverse transformations are \
y= g - o
S and -
p =25 ' e
—— Thus the Jacobian is ' [ ' ——
_ 1 B ¢ Tt
=| 2, 3= .
. =33 S
e e so that
foy(wv) =3 R e
e for0 < “+” < 1, and 0.< %2 £7% < 1. or, takingona case by case ba5|s the support may be
exprcssedg50<u<] —u<v<u or [<u<2,u—-2<v<2—u ) o i
iy c. If0<u<1then ' -
.- e — _
S, fu (‘U-) = f—lg-d’v =u \
u e
o butif1 < u < 2then ; ) - 1
e e e = ; e S e
f :i- =2~ : |
d. If —1<wv<O0then [ e
B "+u + i
_ (o) = f ldu=1+v : —
B butifl < u<?2 then i ¢ I'-:h—_._u.._,.h____ N
e ' fr(v) = fz_u ldu=1-u. ':

e. No, as their joint density does not factor. Spec:f'cally the range of values U can take
s depends on V and vice versa. :




