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6.34 since Y} and Y> are independent standard norinal random variables, the moment-
e generating functlons for ¥} and.Y;* can be wntten from Example 6.11, as

myz(t) = m
----- myp(t) = o
Now using Theorem 6.2, we have
my(t) = ‘my!?(t) m}?(t) = (i-—lzz) 5
which is the moment-generating function of a gamma random variable with & = 1 and
______ A f3 = 2. Hence by Theorem 6.1, U has a gamma distribution witha = l and g = 2.
_ Equivalently, U has a x? distribution with 2 degrees of freedom.

s B0 mw(z); V) = B (e717) = my (%) = E (2/77)

1 1 : '

Thus W has a gamma dlStl’lbuhO[Jl witha = 3 and =2, ie.,ax> dlstnbutlon with n
‘degrees of freedom. «

6.44 5. Because Yand 3

Because Y;and Y5 are Poisson random variables,
my, (t) = M)

My, (g) — E/\'&(e —1}‘ :
L So that my, 4y, (2) = exp [—(A; + A2) (1 — €')]; which is the moment-generating
function of a Poisson random variable with mean A; + A;. (Recall thatexp (| ) is
simply a convenient way to write el }). By Theorem 6.1, then

P(Yi'+ Yy = k) = £2200u0t

and : -

fork=0,1,2,...
b. By definition, ;! s
P(Y = MY + Ya = m) = FUi=k Yit¥omm) _ POG=k Yomm i)

P(VitYe=m) « =  P(N+Ye=m]-
e MY [ dapmek : Y - . i
Tj' Mk o= A k A m=k
= = e —t i T £
= e—A+ag) lhﬂ-_i" ) k) (A, Mz) (A;-u\ ) . k= 0, I} 2_’ st m

‘which is the probablllty distribution functlon fora bmomlal random variable wllh

parametersmand X “z .
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The density and cdf of the Y; are '

S0 21,
fra¥) = 15 55

12y(1 — ) (397 — 20%) = 3637 — 604" + 2457, |
I 7 1
E(Y) = af y (36y° — 60y" +24y°) dy = F 1°|, =

1
60 6|1 6286

2| =

i , otherwise T =0
! and . o
B 0, y<0 [ e
Fly)=4 5 0<y<@ oo
S . l, y>0
Then, from Theorem 6.5, . R
SSSS e k=1 rg_yqn-k
Juoy(we) = = 1)*(:: 35 (”) {—JE] (3) 'i
T = &= 1):1[',1 &) (:!;:y) Oy <0 [I
. 9 3 -k |
- ! (8—y)" o ot
e b. E (Y(kl) nyf(k}(y dy—f (k—l]?{::—k}! : 9’?) dy !I
A Rl j.’ [(n2) ) (] _ E) _k } — .
~ ntl F L+ 1) (n—k-+1) |
B Let 2 = ¥ and dy = 0 dz. Then R i
. l— l—z)"- -k e
- E (Y(k)) n+l Sf B(k+1, n—k+1) dz
- - Nots(_c that the integral is that y is beta dcnsuy witha =k + I and ﬁ =n—k+1 Ly g
and, hence, the integral is 1. Then
. ol .
S E (Vi) = o0 S—
c. Similar to part b. = !
"""""""" - ) f @ (1-1)"* 1) d G
i (k} y? {kul} (n-k)' ] ] g) %Y |
i // Letting z = y/8, this bccomcs ' Plantie S ok T
! ' aﬂk{k-}-l} : I'(n+3 n__ 2k(k+ 1 L _____ e
e GH)T2) f . I‘(HZJ(F(R-}HI] 21 = 2)"* dz = ey - f
? = DR
—_— Th_e“ |4 ( u:)) = (Y{L))' [E(Yu)]” , % ey
o D Gk T K 0% [kl k] _ (n—k+1)k6?
— (n+1un+2) BP =l e — il = TP 2) ————
i ; T (k-
4. E(Y(k) Ytk 1) = B(Y) = B (Vi) = 5 = &~ (bypanb) 0 -
S U S RO . ot o ot - - - || ——
A E : eimally spaced'-_m,_ ——
oot . 2 TR . on the average
which is constant for all k. Thus, the order statistics _are ------- E | B
. 6.64 5= | vl -9) = [—E%T]y(lﬂ):ﬂy(l*?); + 0sy=l S
y i
Frp) =y 6yl -9)dy=3"~2%  0<y<l L
a. [f'y y]]" =3y - 2°)"
= Thus, g et e
‘ 0! y < 0 |I
- — P (w) = § -39 - 2p")", 0<y <1 i
1_," y>1 II
; T
b, () = (3% — 249" ‘(s»y 6%) = bny(1 - ) 3* —2°)" ", 0<y<I |
e b c. Forn=2,
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For the exponential random variable, the dcnsity function is
fy) = ev/P
for 0 < y < oo while the cumulative drslnbul:on function is gwcn by
Fly) =1 - e~/8
for 0 < y < co. Then, from Theorem 6.5,
Juey(u) = (—k—]m}—. (1- e“y"m)khl (e"’”‘m)n_k (é "5’*/’5) y 0<m <o

- _ n—k£1 _ k-1 :
= 1)'{n—k)' (l) (e iR (1- g*"g) il s

Tonm (i w) = G-DI= 1__,; [EETSTIRS (y.i' [F(ye) = (?fj }k S '? :: i

XN =FEl*fu)fw)  —co <y <y < oo

- = u—llmk—'fr—jmn—n- [1 - i8] [emwl? — emwip) 71
x [e-mio] "~ (B ’ y,fﬁ) ( mm)

Gy I g [1 — emw/B) T [emuilf)

[e y;fﬁ_g'—srefﬁ] ke [e ~wa]f= —k+1

i

|

|

1
xg!._

6-68 a. I

B This is similar to Exercisc_ﬁ,ﬁ?, Calculate

1-F(y) = f e~(t-0) gy — o~(3-0)

v

Then .
T gl(y)-zn [e-(y—ﬂ)] " le-(-0) = pe~nly=6) « - 2 it
fory > 0. : - B e T
b E(Yy)= (withz=y—8)

nye O dy=n [ .z—lf—(})e;’.“ dz
.0 ¢

i)
=nl(2) (1)’ +n0(4) =149 -
Notice that the integral is calculated in two parls using the fact that the constants
associated with the integrals musl be constants of gamma 1 random variables, :

6 74 Y and Y5 are both 1ndependenﬂy andidentically dlstnbuted as gamma random

variables with parameters o = 2 and ﬁ 2 chce lhc momenl gcnerallng funcllon
e forY;,i=1,2is

- ()= (1~ ) = (1 e Ry e

" ' mr;z(t)—my() (lwt) e PR J|
and t fa

mu(t) = my, ot )mrz,!z( )=
Evidently U has a gamma distribution with o = 4 and ﬁ = ]

L




N 680LetU Yi =% chantlofndP(U

—-u) P(Yl Yo=u). Ifu>0then : -
y;-u+yg>0 S0 thatwe.canwntc : ' (_”_]

o PU=w = Ph-Yi=w {
Mgy D PYi=u+y)P(Ya=y) E
- : J:r—l :

= PA-p" Z(l By

St = u+l o=
- s §]1(hmﬂ[ )" -

. (L v*“l .
o p(- p)"” : s L B
TR T (1-(1-pp) Lo
p(1 — p)**!
- [2-p) = —

Where the infinite sum is 1 as it is the sum of values of a geometric random variable' -7 fLT L b
with success probability 1 — (1 — p)®. On the other hand, ifu' < Otheny, =y, —u > Oand we |

can proceed in a fashion similar to the above approach. Specifically, ) '

------ — I ) P{UZ‘H-) P(Y'] Y“}-—ﬂ. %P(Yé ylru)P()/l'_y])

n=1

i pg(l p)_" IZ ]_ 2y — P (1—p) ! - p(1—p) vt 3 | . |

a=(-1) @-p - - ;
n=l i |

Puumg these results together gives us -

_ pl1 —p}l"-:”'
g L ] P{u TI) = {2‘—?] &

= 6 90 The volume of a sphere is given by V = 3 ?Tra orr = (—V)l'{3 with: . | - =

___________ - |45 = (1) (& )UaV ~2/3 - Making the transformation, we have _'i

f(v) = 0%“;4J“kuﬁ()mvunmo<v<«:w

; : ]
—— 7.10a. sincea x? random variable is defined as a gamma random vanable Wlth a=z anq

B = 2, the expected value and variance are - : . i M o B i
T EU)=af=v - . - and V( )=aﬁ_?=2u ll

b. Using Theorem 7.3, we see that the quantity "= ”S has a x? distribution with -

v =n— 1. Hence, fromparta, . i e ‘

o . E (ﬁn_;};)i’) =n-1 or (%)E(Sz) =ﬂ,‘—.' 1 ; _LOI' _-II E(Sz)z gl h ’

Similarly,

V(i“—“ﬁ) 2n—1) [M]V (h=2(n-1) or. V(=2 |

a




T e 7 70 For the glven random variable }’ AT NE 7 i T

e Uy IUT L p=EY)=T 3 dy =2
and

e ——

Using the Central Limit Theorem,

PY>.1)=pr (7>§£) P(Z > -1.63) = P(Z<]63)—1~ 0516 = 9484
{ N

W

771 a. Notethat E(X,) = 1 and V(X;) = 2. By the Central Limit Theorem, - |

Ty}

or
_}_Y

e T e ' 7— —\7— NN 0,: J)

b. Itis given that ¥ has a normal d:smbutlon wnh mean g = 6 and variance ¢? = 2

Let C; be the cost forasmg]e rod, i =1, 2,...150. That's, C; = 4(Y; — p)* The
total cost for the day, then, willbe =~ = - ' o

50 1T

E Ci —42 (vi — p)?

where the Y; are mdependent and dlsmbutcd as ¥ abcwe Recall from Chapter 6

sz n that . !

E (Yi-u)? s . |

i=l — 2 f
cosceeiles oo . : —g( Y-Sz .
e has a chi-square distribution with 50 degrees of f‘reedom since each Z; is standard L

normal, and hence Z? has a chi-square distribution with 1 degree of freedom, '
- t=1,2,...,50. The probability of interest, using the results of part a, is

P( c- > 43) PIE(Yi—p)?> 12 = {’3“‘"*” > ao] = P(X > 60)

where X is a chi- -Square random vanable withn = 50 deﬂrees of freedom Hence
the approximation is : '

P(X > 60) = P (*q:;%%’) P(Z>1)—— 1587 -

_____ .82 . E[ﬁg] o E[ab‘, e —_a)‘é}J = as[al} +(1-a)E [ag] =af+(1-a)f =0 _
b. It is giv'en that E(gl) = E(Gg) = @ and V(Sl) =g 6‘3) = o2, Assuming that 91 and |
; 92 are mdependent the variance of the new estimator, 93‘ WI]] be : - ' ;
o v(B) = V [aby + (1-e )] = aEV(SI) +(1—a)? v(ar,) = %} + (1 - a)%
In order to choose a value of @ such that V(93) is mlmmzzed look at -

: : V(93) = 20} —2(1 — a)o?. 2 1sansne I \
Setting the derivative cqual to 0, we obtain

e ] | |
ao? — (1 —a)o? =0 : S . i | |

— o | g _ . . \
_ : Ll |

—t 5 o : - a= ;Tq';f ol ]

Notice that -4 o V(ﬁa) = 202 + 202 > 0, S0 Ihat the value is in fact aminimum. - . "




Recall that if ¥; is Exponential () thenE(Y;) = 8 and V(Yi) = 6°. Hence we can use

Theorem 5.12 to obtain

B(0) = E@)'= B@:) = B0:) =0
V(6,) =6 |
V(B =} =%
V(ﬁa) =12 +46%) = L& '=
9

. V(95 1(36%) =

~ The distribution of 94 can be obtained by using the methods of Section 6.6 in the text, |
with F(y) = 1 — e~¥/%, Then - i |

a{y) = 3 3 o—uft (E—yﬂ’)‘ " %ehl"w’e i

which is an exponential distribution with mean £ [

3 ) !

Blo=4 - v@)=% !

a. The unbiased estimators are 61, 62, 93, and E-'r
b. Among these four estimators, 6‘5 Y has the smallest variance.

a. For the Poisson distribution, E(¥;) = Aand E(Y) = A. Hence A = ¥ is an unbiased =

estimator for A.

b. Inorder to find £ (Y?), use the fact that V(Y)=Aand E (Y?) = (Y) + [B(Y)]?
=X+ A2 Then E(C) = 3E(Y) + E(Y?) = 4) 2

c. Since .E,( )=M\E (Y) = ¥(¥) + [E(Y)]* = 2 + A%, we construct as an estimator |

L

=Y+ Y ( __) Considering T o — e

E(B) =2 422441 (2)x=ax+22,

Thus, § is an unbiased estimator ofL‘(C)

a. Forthe uniform distribution given here, E(Y;) = 0 + % . Hence E(Y) =8+ % anc?

the biasis B= E(Y)~0=75. Vit

b. An unbiased estimator of # can be constructed by using 8 = Y -
S E(®) = 6.

¢. IfY isused as an estimator, then ; =

v(y)=4"0 = L " and MSE=V(Y)+B’ =1 +1

12n

whzch has

Nﬂ“‘




8.10 The following information is required to answer the question.

. | i
S L ) = [ (2] dy =[]’ = 2

' 2 E(Y"):nf[ "*'}dy— )=

B e e e Y U i g Ea ey P l Z e 1
e y : 3 * ta =1 E i ok 5 A
s ; f ¢ dt— (L ) l[ o
R Fv(n)(y *(E) 0<y<9 T —
i fytn;(y) B0y <0 o
""""""""""""""""" ol So that Y(“) is also dlstnbuted as the | power fam:ly W1th parameters na and 9. R

a. E(Y(n)) naf :’é 6.

B E e . 4] ey it 08 i W
| b. (""“)}’(n) would be unblased LT i g el e
e MSE(Y) = E((Y =0 =F (112))-793(1&“)}
2 . .
B :ff%} 29(nﬁf1) L R S N

T (natl){na+2) *

81 2 a, Let S \/ 2, where 1“—195— has a x? distribution with n — 1 degrees offreedom (S
Itis necessary o find E(S). Let X = ‘iglﬁﬁ Then

Zlln=1)/28g-2/2

f( J E [52(., N2 : f0r3:>0 .

The densny function for ¥ = S? T X is obtained by the transfonnatmn met‘nod
[L.vu] 172 o 13 1 (1207

d:c
dy

a(y) =

e e S o (n—1)y
‘ ; = [_'T"] T (5T l)-zfn 12

— Now

E(S)=E (\"/?) :f y2g(y) d

12 (n_-ﬂg)"‘"’“y:n-wz <1 g n=1)yf 20

|
°_53

Il

NE=SF llf“’g,,_ DA 2 (2) (kﬁ‘)nﬂ dz.{ o o SRR

p n- |

.‘-“" l"(n---l)Zlﬂ TT oy e dy E e e i
I n- lLl“Z. . E . i
) (", ) )(" 2y s f /2 1 120 , ]._‘___m_

(n=1yYT (3 2 (o) s, T(2)2V%
= {n-1)2 12 l {‘(D__:.l) \/E-l

which is a biased estimator for a. : ;
b. In order to adjust S 50 that it is not biased, take b

=5 (M)

8.14 Fym ) = P(Yay < 1) P(Ym S Yt (F =B .

: TR Rl VR

B(Ym)=!“'ﬂ_[1_ﬂ(§)]ﬂ,l(a) dt |
, 1= 0w; ' = ;

=

Letting w = -‘g, dw =
: 1

=8f 1rm.u(1~'t.u)“'1 il v

oy SEE i |
rlﬂ!n—ll'gl HO A et e R R R

An+1) = (mrl) "

‘An unbiased esttmator for @ is given by (n+ I}Ym




