
Mathematics 331 Solutions Hints for the Sample Final

All problems would be worth 10 points, except for the first, which would be
worth 20.

1. Find a fundamental matrix for the system of differential equations

dx

dt
= 2x − y,

dy

dt
= 4y,

dz

dt
= 2x + 5y + 3z.

Solution: Straightforward linear algebra computation yields eigenval-
ues of 2,3, 4 with corresponding eigenvectors (1, 0, 2), (0, 0, 1), (1,−2,−8).
This means that a fundamental solution can be written immediately
as  e2t 0 e4t

0 0 −2e4t

2e2t e3t −8e4t


as long as you remember that the eigenvectors must be written as the
columns.

2. The surfaces f(x, y, z) = x2 + y2 − 2 = 0 and g(x, y, z) = x+ z− 4 = 0
meet in an ellipse E. Find parametric equations for the line tangent
to E at the point p = (1, 1, 3).

Solution: Compute the gradients of the two surfaces at the point p.
Taking the cross product of these two vectors (call the result v) yields a
vector which is orthogonal to both, and hence can serve as the direction
vector of the desired line, which can be written as p + tv.

3. For integers n ≥ 1, define

Γ(n) =
∫ ∞

0
tn−1e−t dt.

Show that Γ(n) = (n − 1)!

Solution: Just integrate by parts, differentiating the term tn−1 and
integrating the exponential. The boundary term vanishes at both end-
points, and what you are left with is (n − 1)Γ(n − 1). To finish the
problem, you only need to compute Γ(1) directly, and show that it is
equal to 1.
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4. Use Taylor’s theorem to find the quadratic approximation to

f(x, y) = ln(1 + x + 2y)

near the origin.

Solution: Computing the derivatives at the origin yields the expansion

x + 2y − 1
2
(x2 + 4xy + 4y2)

5. Find the area of one loop of the rose r = cos 3θ. You could use double
integration in polar coordinates to solve this.

Solution: Making a quick sketch of the loop shows that r is nonzero
for −30◦ ≤ θ ≤ 30◦. Hence the integral may be formulated as∫ π/6

−π/6

∫ cos 3θ

0
r dr dθ

because the area element in polar coordinates is r dr dθ.

6. Find the area of the surface z = 16−x2 − y2 that lies above the plane
z = 12.

Solution: The area of the surface may be written as as double integral
over the region R, which is given as

R = {(x, y) |16 − x2 − y2 ≥ 12 }

which is the disk of radius 2 centered at the origin. Hence the desired
integral is given by ∫∫

R

√
(2x)2 + (2y)2 + 1 dx dy

This integral is best done by converting to polar coordinates, whence
you must integrate ∫ 2π

0

∫ 2

0

√
1 + 4r2 r dr dθ

7. Find the centroid of the region in space bounded by z = −1 and
z = 3 − x2 − y2.

2



Solution: Let G denote the three-dimensional region. By symmetry,
we see immediately that the coordinates (x̄, ȳ, z̄) of the centroid satisfy
x̄ = 0 and ȳ = 0. Hence, it only remains to compute the remaining
two integrals for

z̄ =

∫∫∫
G

z dV∫∫∫
G

dV

Both of these integrals are most easily done by changing them to dou-
ble integrals and then changing variables to polar coordinates.

8. If possible, find H(x, y, z) such that

dH = (2xyz − 3x2y) dx + (x2z − x3 + 2y) dy + (x2y + 2y2z) dz.

If it is not possible, explain why not.

Solution: Recall that the curl of a gradient is always zero, and that
the curl of a vector field being nonzero is the only obstruction to a
vector field being a gradient (locally). A calculation shows that the
curl does not vanish identically, so there is no such function H.

9. Let P (x, y) = (y2 + 4x)/(y + 1) and let Q(x, y) = (3x + y2)/(x + 2).
Compute, by any method you prefer,∫ 1

0

∫ 1

0

{
∂Q

∂x
− ∂P

∂y

}
dx dy.

Solution: Use Green’s theorem to convert the double integral to a line
integral around the boundary. The resulting integral(s) are easy to do
because on each side of the square, either x or y is constant, and so
one of dx or dy is zero.

10. Let F = 〈x, y, 2z〉 be a vector field, and let G be the solid tetra-
hedron with vertices at (0, 0, 0), (1, 0, 0), (0, 2, 0), (0, 0, 1). Let n be
the outward pointing unit normal vector on the boundary ∂G of the
tetrahedron. Compute ∫ ∫

∂G
F · n dS.

Solution: Using the divergence theorem, the surface integral is con-
verted to a triple integral over the entire volume of the tetrahedron.
Since the divergence is a constant equal to 4, and the volume of the
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tetrahedron is (since it is right angled) 1 · 1 · 2/6, the desired integral
is 4/3. Note: if you did not know this nifty formula for the volume of
a tetrahedron, you can easily compute it with a double integral over
the triangular base.

Note: On any of these problems, if you do not understand the hint, come
and see me so that we can figure it out.
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