
FINAL HANDOUT
MATH 349 SOLUTION .

1. For an =
n3

3n
an > 0;so not alternating;de�ne f(x) =

x3

3x
for x > 0

then lim
x!1

x3

3x
= "11"(L�H.R.-3 times)= lim

x!1

3x2

3x ln 3
= :: lim

x!1

6

3x (ln 3)3
= " 61" = 0

the sequence is convergent therefore bounded

f 0(x) =

�
x3

3x

�0
=
3x23x � x33x ln 3

(3x)2
=
x2(3� x ln 3)

3x
< 0 if x > 3

ln 3
= 2:73

thus the sequence is ult.decr. for n � 3
a1 =

1
3
< a2 =

8
9
< a3 = 1 so an upper bound is 1; a lower bound is 0.

2. for
1X
n=1

(3x� 1)n

33n
p
n

=
1X
n=1

3n(x� 1
3
)n

33n
p
n

.

the centre is c = 1
3
and the coe¢ cients an =

1

32n
p
n

the radius of convergence R =
1

L

= 9

since L = lim
n!1

an+1
an

= lim
n!1

32n
p
n

32n+2
p
n+ 1

=
1

9
lim
n!1

r
n

n+ 1
=
1

9

thus the series is absolutely convergent on
�
1
3
� 9; 1

3
+ 9
�
=
��26

3
; 28
3

�
ends: x = 1

3
+ 9 gives

1X
n=1

�
x� 1

3

�n
32n
p
n
=

1X
n=1

1p
n
which is divergent p-series p = 1

2
< 1

for x = 1
3
� 9 gives

1X
n=1

(�1)np
n

which is cond.convergent since the sequence 1p
n
& 0

( positive,decr.since 1
incr. ; and limit is

1
1 = 0)

together the interval of convergence is
��26
3
; 28
3

�
, outside the series is divergent.

3. we know that es =

1X
n=0

sn

n!
for any s ,use s = x+ 1

then f(x) = xex = [(x+ 1)� 1] ex+1e�1 = 1

e
(x+ 1)

1X
n=0

(x+ 1)n

n!
� 1
e

1X
n=0

(x+ 1)n

n!
=

=
1

e

1X
n=0

(x+ 1)n+1

n!
� 1
e

1X
n=0

(x+ 1)n

n!
=
1

e

1X
k=1

(x+ 1)k

(k � 1)! �
1

e

1X
n=0

(x+ 1)n

n!
=

= �1
e
+
1

e

1X
k=1

�
1

(k � 1)! �
1

k!

�
(x+ 1)k = �1

e
+
1

e

1X
k=1

k � 1
k!

(x+ 1)k for any x:

check a0 = f(�1) = �e�1:

1



4. For the curve c = fz = x2 + y2g \ f6x� 2y � z = 1g
for a) z = x2 + y2 = 6x� 2y � 1 so x2 + y2 � 6x+ 2y + 1 = 0;complete the squares
(x� 3)2 + (y + 1)2 = 9 and

�
x�3
3

�2
+
�
y+1
3

�2
= 1 so

x = 3 + 3 cos t; y = �1 + 3 sin t; z = 6x� 2y � 1 = 19 + 18 cos t� 6 sin t , t 2 [0; 2�)

for b)we have two options to �nd
�!
d in (x; y; z) = (0;�1; 1) + t�!d

from part a:

t = � for the point P = �!r (�) and �!d = �!r 0(�) = (0;�3; 6) or (0; 1;�2)
since �!r 0(t) = (�3 sin t; 3 cos t;�18 sin t� 6 cos t)
OR
�!
d = �!n1 ��!n2 where �!n1 = rF = (2x; 2y;�1) then at P �!n1 = (0;�2;�1)
where F (x; y; z) = x2 + y2 � z = 0 and G (x; y; z) = 6x� 2y � z = 1
and �!n2 = rG = (6;�2;�1) �!n1 ��!n2 =(0; 6;�12) = 6 (0; 1;�2)
so (x; y; z) = (0;�1; 1) + t (0; 1;�2) :

for c) for P t = � and for R t =
�

2
,also

k�!r 0(t)k =
q
9 + 36 (3 sin t+ cos t)2 =

p
45 + 36(8 sin2 t+ 6 sin t cos t)

so s =

�Z
�
2

p
45 + 72(4 sin2 t+ 3 sin t cos t)dt:

5. the equation z = f(1;�1) +rf(1;�1) � (x� 1; y + 1) = 1� (x� 1) gives
z = 1� (x� 1) = 2� x
since for f(x; y) = eyx

2 lnx f(1;�1) = 1;
fx(x; y) = e

yx2 lnx (2xy lnx+ yx) fx(1;�1) = �1
fy(x; y) = e

yx2 lnxx2 lnx fy(1;�1) = 0
OR
�!n = (rf(1;�1);�1) = (�1; 0� 1) and the point is (1;�1; f(1;�1)) = (1;�1; 1)
so �x� z = d and through P (1;�1; 1) x+ z = 2:

6. for a) at the origin we have to use the de�nition:

fx(0; 0) = lim
x!0

f(x; 0)� f(0; 0)
x

= lim
x!0

1� 0
x

= lim
x!0�

1

x
DNE (�1)

fy(0; 0) = lim
y!0

f(0; y)� f(0; 0)
y

= lim
y!0

0� 0
y

= 0

thus the gradient does not exist at (0,0).

for b) since f(x; x) = 1
4
for any x 6= 0 lim

(x;y)!(0;0)
f(x; y) 6= 0 = f(0; 0)

the function is discont. at (0; 0) :
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7. :

for the domain
x

y
> 0 both positive OR both negative

so the domain consists of the �rst and third quadrants without the axes

for level curves for any c

c = ln x
y
; ec = x

y
; y = e�cx lines through the origin

without the origin and with positive slopes m = e�c = 1; e; 1
e

since we got a level curve for any c the range is z 2 (�1;1) :

8. rf = (2xe�y;�e�y (x2 + cos z) ;�e�y sin z) all partials are cont.functions so
D�f = rf � � where rf (A) = (4;�3; 0)

� is the unit vector in the direction of
�!
AB = (�3;�1;��)

and



�!AB


 = p10 + �2 and �nally

D�f (A) =
1p

10+�2
(4;�3; 0) � (�3;�1;��) = �9p

10 + �2
:

9. Since x = uv2; y = u
v
: for u = 2; v = �1

x = 2 y = �2 so we need fx(2;�2) = 3; fy(2;�2) = �2
@F

@u
(u; v) = rf (x; y) �

�
@x
@u
; @y
@u

�
= (fx; fy) �

�
v2; 1

v

�
and

@F

@u
(2;�1) = (3;�2) � (1;�1) = 5:

10. for a)

for T = 0 y2 � 3x2 = 0 y = �x
p
3 two lines

for T = 3 y2 � 3x2 = 3 hyperbola with intercepts y = �
p
3; x = 0

for T = 6 y2 � 3x2 = �6 hyperbola with intercepts x = �
p
2; y = 0

for b)

the direction is �rT (�1; 2)
so �rst rT = (�6x; 2y) then rT (�1; 2) = (6; 4) = 2 (3; 2) so u = �1p

13
(3; 2) :

for c)

the direction must be perpendicular to rT (�1; 2) = 2 (3; 2)
so u = �1p

13
(2;�3)

11. De�ne F1(x; y; z) = xy2 � z + u2; F2(x; y; z) = x3z + 2y � u
F3(x; y; z) = xu+ y � xyz :

since all partials are continuous function the only condition is that
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@ (F1; F2; F3)@ (x; y; z)





 = det
2666664
@F1
@x

@F1
@y

@F1
@z

@F2
@x

@F2
@y

@F2
@z

@F3
@x

@F3
@y

@F3
@z

3777775 6= 0 at the given point

so det

24 y2 2xy �1
3x2z 2 x3

u� yz 1� xz �xy

35at the given point = det
24 1 2 �1
�3 2 1
2 2 �1

35 =
along the �rst column

= 1 � det
�
2 1
2 �1

�
� (�3) � det

�
2 �1
2 �1

�
+ 2 � det

�
2 �1
2 1

�
= �4 + 0 + 8 = 4 6= 0:

12. For f(x; y) = ln (y cosx) x = 0; y = 1

T2(x; y) = f(0; 1) +rf (0; 1) � (x; y � 1) + 1
2
[Ax2 + 2Bx(y � 1) + C(y � 1)2]

where f(0; 1) = ln 1 = 0 since f(x; y) = ln y+ ln cos x for y > 0; cosx > 0

fx =
� sinx
cosx

= � tan x fy =
1
y

rf (0; 1) = (0; 1)

fxx = � sec2 x =
�1
cos2 x

fxy = 0 fyy = �
1

y2

and A = fxx (0; 1) = �1; B = fxy = 0 C = fyy (0; 1) = �1
thus

T2(x; y) = 0 + (0; 1) � (x; y � 1) + 1
2
[�x2 + 0x(y � 1)� (y � 1)2] =

= y � 1� x
2

2
� (y � 1)

2

2
:

13. De�ne F (x; y; z) = arcsin(zy) + z3x+ x2y + 8 for �1 � zy � 1; x any

then
@F

@x
= z3 + 2xy

@F

@y
=

zp
1� z2y2

+ x2 and
@F

@z
=

yp
1� z2y2

+ 3z2x

for �1 < zy < 1; x any

all functions are cont. at the point P (�1; 0; 2) and @F
@z
(P ) = �12 6= 0 so the equation

can be solved for z as a function of x; y around he point P (�1; 0; 2)

then
@z

@x
= �

@F

@x
@F

@z

= � 2xy + z3

yp
1� z2y2

+ 3z2x
=
�8
�12 =

2

3
at P and

@z

@y
= �

@F

@y
@F

@z

= �

zp
1� z2y2

+ x2

yp
1� z2y2

+ 3z2x
= � 3

�12 =
1

4
at that point.:
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