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1. The temperature of a point on the sphere x? + 2 + 22 = 50
is given by T (z,y, z) = 4xy + 3yz.Find the coolest point(s) on the sphere.
For 1)
since T' is a cont.function on a closed and bounded set we have to have
at least one max and one min points;for C.P. solve

VT = AVg where g(x,y, 2) = 22 + y* + 2% = 50

dy = N2z
4o 4+ 3z = N2y in case of A\ # 0 also zyz # 0 we get
3y = N2z
4 4
=2 3z = 3y so from the first and last

x Y 2
4z = 3z and 16y? = 2522 from the first and second

now back to the sphere y = jzzlx, z= Zm 2?2 =16

therefore 4 critical points (£4,+5,+3) and (44, F5, £3)

4
if A\=0theny=0and 4xr +32=0s0 2z = —3% back to the sphere

25
§x2 =50 x = +3v/2 and 2 more C.P.(j:3\/§, 0, :F4\/§)
compare values T (:|:3\/§, 0, IF4\/§) = 0,7 (+4,+5,+3) = 125 max

and T (+4, F5,£3) = —125 minimum and (+4, F5, £3) are the coolest pt.

2 [ 4
2. Evaluate the iterated integral / / eV dx | dy
0 \u2 v

by reversing the order of integration.

For 2)

given 0<y<2,y*’<xr<4changeto0<z<4,0<y<.x

then

2 4 4 VT 4
/ /e; da dy:/ ef /dy dm:/(ejgdm: [2ev7]) = 2(e2 — 1)
0 \u2 0 0 0



3. Evaluate ///zz oty AV
:c2 + y?
where the solid B is the region in the first octant, outside the cylinder x? + 3% = 1,
and inside the sphere 2+’ 422 =2
For 3)
B={2*+1y*+22<2,2>+y*> 1,2 >0,y >0,z > 0}
by cylindr.coord.

/// xz\/2? + y? + 22dxdydz /// zr cos 0v/r? + 22rdrdzdf
B*

x2—|—y r

where

B*={r*+2:2<2,r>1,0¢ [0,%},220}

it means 1<r<v2and0<z<+v2—12
OR 0<z<landl<r<v2-22

5 V2 V2—r2 V2
T 2=v2—7r2
so the integral I= /cos Hdﬁ/r / 2Vr? 4 22dz | dr = [sin )¢ /r [% (r* + zQ)%] dr -
z=0
0 1 0 1
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spherical coord.

// x2/2% + y? + 22dxdydz ///pcos@sin op cos ¢ sin pdpdpdh _ /// cos 0" cos dsin ddpe
B* B*

Va2 42 psin ¢
Where
ngg\/ﬁ,psin¢21,0€[O,Z],qﬁe[O,q SO — < p <2 and
2 2 sin ¢
1
necessarily sin¢ > E NS [%,g]
1 m
B = <p< 15.2].0e 0. 2]
{Sl¢_p V2.6€ | 5]0€ (05}
bl bl V2 . bl
sotheintegral—/cos@d@/sinqﬁcosqﬁ / pldp | dp = = /cos¢smgz§(4\/_— ¢> do =
sin®
0 % Sil}1¢ %
/5 ™ T
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:?[ congb]% 5[sm 3¢]7272
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4. Find / / z dS where S is the part of 2z = \/x + y in the first octant

between planes z = 2 and z = 0.

For 4)
0<z<2gives0<z+y<4dsoz= x+yfor (z,y) €D
where D = {0 <z +y <4,x >0,y > 0} the region is a triangle

then
1 1 T+2x+2y V1+2x+2y
= , ,—1) and ||n| = =
2vety 2varty 2(x+y) NeNcE=r

SO //z ds ://\/x—l—y ||n||dmdy—%//\/1+2x+2ydxdy—
S D D

= 7 /\/1 + 22 + 2ydzdy
T

where D:{O§x§4,0§y§4—x}

37Y= 4—x
/ 1+2x+2y)2] dz =

=0

1
\/ii//\/l+2x+2ydxdy—%/ /\/1+2x+2 dy | do =
D 0

121\/’

- %/ [9%_(1+2x)3] dr = 182 — 1—[(1+2x)3] — 18V2 —

0
149+/2
15

. Find j{F e ds

c

where F (z,y) = (5y% + €, 722 4 cos(my)) and c¢ is the closed curve consisting from 3
line segments

from (0,0) to (2,0) to (2,4) and back to (0,0).
For 5)

the curve is closed so by Green’s Th.

%F ds—// [@—a—ﬁ;] dxdy—//[14x—10y]dxdy

where D ={0<2<20<y<2r}={0<y<4,Z<z<2}

D=

SO
2

2z 4
fFods:M/a:(/dy)dm—lO/ / = /de—lO/ 2y—%>dy:
0o 0

c 0 0

3
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. For the vector field F (z,y, z) = (arcsin (£) ,In(1 + 2% + ¢?), yer)

calculate divF and curlF in the domain.

For 6)
for z # 0 and |y| < |z| all functions defined and differentiable

SO divF :82 (arcsin Q) + 82 (In(1+ 2%+ 9?)) + 3 <ye“2> =

x z Yy 0z
—O+2—y+2x ze?’
1+ y%+ 22 Y
, + - +
u
since (arcsinu) = ——— curlF = Or 9y 0; =
V1—u? arcsin 2 In(1 412+ 22) ye**
z

— 2 1
e — 0, —yz%e"" + : 2’1+ ;T+ 2~ 2 |
X
-G
z z
2 21‘

exz2 -y _ z261‘z _ sgnz
7|2‘,/22—y2 y 71+$2+y2 \/22—y2 .

. Evaluate /F eds where F(z,y, z) = (yz cos (xy) , zz cos (xy) , sin(zy))

1 -1
and c is the line segment from A <7r, 37 1) to B <7, T, 2> )

For 7)

find a potential f such that F =V f

fz = yzcos (zy) fy = xzcos (zy) f. = sin(zy)
we can see that f(x,y,z) = zsin (zy)

and /Fods: f(B)— f(A) :2Sin_77r—sing:—3.

. Find the flux of F = (2? — 3z, 3> + 2y, 2%) outward
from the closed surface S = {x? + y? + 2% = 9}
Use the Divergence Theorem.

For 8)



10.

divF =2x — 3+ 2y + 2+ 2z and//FodS:///(2x+2y—1+22)d:cdydz
S B

where B = {2? +y? + 2? < 9} THANKS TO SYMMETRY

4
//F e dS =(odd {. in x.,y,z) 0—volume of B = —gﬂ'RS = —367
S

it means that flux is flowing in

. Evaluate %F o ds where F(x,y, 2) = (dzy + ze”,y,yz) and

[

the closed counterclockwise oriented curve c is the intersection
of the plane z = 2z + 3 and the paraboloid 2 =22+ 292
Use Stokes” Theorem.

For 9)

we can define S as a part of the plane inside paraboloid so

z =2z + 3 for (z,y) € D where 2x + 3 > 2% + 2y

gives
D={(z—1)>+2y* <4} = {(x_1)2+ (if <1}
2 V2
then
n=(-Vz1)=(-2,0,1) upward
+ -+
we need curlF = Oy 0y 0, | =(z,€", —4x) = (20 +3,e*,—4x) on S

doy +ze* y yz

fFods ://curlFodS ://curlFondxdy://(—Sx—G)dxdy:
S D D

= —8//(3: — 1)dxdy — 14area of ellipse=0 — 1472v/2 = —28/27
D

Or
modifies poloar coord. xr =14 2rcosf y = +/2rsinf dedy = 2v/2rdrdf
0<r<1 g € [0, 27] SO

= —16\/5// (r + 2r% cos 0) drdf — 6mab = —287/2.
D*

Prove that for any smooth vector field F (x,y, 2)
div(curlF) =0  OR Ve (V x F)=0.



For 10)

+ - +
G=curlF=|08, 9, 0, | = (%Fg B 8an7 aaFl B 6;)ng E)an B aaFl)
F, F, Fj Y z Z T T Y

then
div(curlF) =div(G) = (G1), + (G2), + (G3) z =
_ <%_@> +(@_%) +<@_@> _
y 0z ), 0z or ), ox oy ).
= (£3),, — (F2),, + (F1),, — (F3),, + (F2),, — (F1),, =0

since all functions are continuous ,thus diff.does not depend on the order.



