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1. Describe in the xyz - space the following sets

(a) where ρ = x (ρ is from spherical coord.);

(b) where ρ = −2y.

for 1a)p
x2 + y2 + z2 = x so x ≥ 0 and x2 + y2 + z2 = x2, y2 + z2 = 0

thus y = z = 0 and any point (x, 0, 0) for x ≥ 0 - half of the x-axis
for b)p
x2 + y2 + z2 = −2y so y ≤ 0 and x2 + y2 + z2 = 4y2

x2 + z2 = 3y2,one part cone around the y - axis y = −
√
x2 + z2√
3

.

2. Set up the integral
ZZZ
B

z dxdydz where B is the region in the first octant below the plane

z = 2

and above the plane 3x+ 2y − 6z = 0 as iterated integrals

(a) with
R
dz inside ;

(b) with
R
dz outside

then evaluate only once.

for 2a)

first B = {(x, y, z) ;x ≥ 0, y ≥ 0, z ≥ 0, 3x+ 2y
6

≤ z ≤ 2}

”bottom” must be below ”top”
3x+ 2y

6
≤ 2 and we get

D = {(x, y) ;x ≥ 0, y ≥ 0, 3x+ 2y ≤ 12} a triangle

so
ZZZ
B

z dxdydz =

ZZ
D


2Z

3x+2y
6

z dz

 dxdy =
4Z
0


12−3x
2Z
0


2Z

3x+2y
6

z dz

 dy
 dx = ..

for b)

0 ≤ z ≤ 2 and for a fixed z

Dz = {(x, y) ;x ≥ 0, y ≥ 0, 3x+ 2y ≤ 6z}
triangles with the base [0, 2z] and the height [0, 3z] and the area 3z2ZZZ
B

z dxdydz =

2Z
0

z

ZZ
Dz

dxdy

 dz = 2Z
0

z (area of Dz) dz = 3

2Z
0

z3dz = 12
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ORZZZ
B

z dxdydz =

2Z
0

z


2zZ
0

(

6z−3x
2Z
0

dy)dx

 dz = ...

3. Set up the integral
ZZZ
B

dxdydzp
x2 + y2 + z2

where B = {(x, y, z) ;x2 + y2 + z2 ≤ 4 ;x2 + y2 ≥ 3, x ≥ 0, y ≥ 0}
as iterated integrals

(a) in spherical coordinates;

(b) in cylindrical coordinates,
then evaluate only once.

for 3 a)

the solid B is outside the cylinder and inside the sphere

x ≥ 0, y ≥ 0 implies θ ∈ £0, π2 ¤ , x2 + y2 + z2 ≤ 4→ 0 ≤ ρ ≤ 2

and x2 + y2 ≥ 3 implies ρ sinφ ≥ √3
√
3

sinφ
≤ ρ ≤ 2

so necessarily
√
3
2 ≤ sinφ φ ∈

h
π
3 ,
2π
3

i
B∗ = { θ ∈ £0, π2 ¤ ,φ ∈ hπ3 , 2π3 i ,

√
3

sinφ
≤ ρ ≤ 2}

as iterated integrals

ZZZ
B

dxdydzp
x2 + y2 + z2

=

ZZZ
B∗

ρ2 sinφdρdφdθ

ρ
=

π

2

2π
3Z
π
3

sinφ


2Z
√
3

sinφ

ρ dρ

 dφ =

=
π

4

2π
3Z
π
3

sinφ
³
4− 3

sin2 φ

´
dφ = π [− cosφ]

2π
3
π
3
− 3π
4
[ln |cscφ− cotφ|]

2π
3
π
3
=

³
cos π3 =

1
2 , cos

2π
3 = −12 , sin (both) =

√
3
2 , cot = ± 1√

3

´
= π − 3π

2 ln
√
3 = π

³
1− 3

4 ln 3
´

for b)

the solid B is outside the cylinder and inside the sphere

x ≥ 0, y ≥ 0 implies θ ∈ £0, π2 ¤ , x2 + y2 + z2 ≤ 4→ r2 + z2 ≤ 4
and x2 + y2 ≥ 3 implies r ≥ √3
B∗ = { θ ∈ £0, π2 ¤ , r ≥ √3, r2 + z2 ≤ 4}ZZZ
B

dxdydzp
x2 + y2 + z2

=

ZZZ
B∗

rdrdzdθ√
r2 + z2

=
π

2

2Z
√
3

r


√
4−r2Z

−√4−r2

dz√
r2 + z2

 dr =
2



OR =
π

2

1Z
−1


√
4−z2Z
√
3

r dr√
r2 + z2

 dz = π

1Z
0

³√
r2 + z2

´√4−z2
√
3

dz = π

1Z
0

³
2−√3 + z2

´
dz =

= 2π − π
2

h
z
√
3 + z2 + 3 ln

¯̄̄
z +
√
3 + z2

¯̄̄i1
0
= 2π − π

2

h
2 + 3 ln 3− 3 ln√3

i
=

= π
h
1− 3

4 ln 3
i
.

4. Evaluate
ZZZ
B

dxdydz

z − 6 where B is the solid bounded by planes x = 0, y = 0, z = 0,

and 3x+ 3y + z = 6. HINT: Iterate in such a way that
R
dz is outside!

for 4)

the solid is a tetrahedron

in the first octant under the plane 3x+ 3y + z = 6

so B = {x ≥ 0, y ≥ 0, z ≥ 0 , 3x+ 3y + z ≤ 6}
for z = 0 we have a triangle (0, 0) , (2, 0) , (0, 2) also D

for z = 6 x = y = 0

for z ∈ (0, 6) we have a smaller triangle

under the line 3x+ 3y = 6− z with vertices (0, 0) ,
³
0, 6−z3

´
,
³
6−z
3 , 0

´
Dz = {x ≥ 0, y ≥ 0, x+ y ≤ 6−z

3 } ...triangle with area Az = 1
2

µ
6− z
3

¶2
ZZZ
B

dxdydz

z − 6 =

6Z
0

1

z − 6

ZZ
Dz

dxdy

 dz = 6Z
0

1

z − 6 ·Az dz =
1
18

6Z
0

(z − 6) dz =

= 1
36

£
(z − 6)2¤60 = −36

36 = −1.

5. Set the integral
ZZZ
B

z dxdydz where B =
©
x2 + y2 + z2 ≤ 2, z ≥ 0, y ≥ 0, x2 + y2 ≥ zª

as iterated integrals in both

(a) cylindrical and

(b) spherical coordinates then evaluate only one of the above .

for 5a)

the set is inside the sphere with radius
√
2

below the paraboloid z = x2 + y2, and above the xy-plane z = 0

B∗ =
©
r2 + z2 ≤ 2, z ≥ 0, r ≥ 0, θ ∈ [0,π] , r2 ≥ zª

so I =
ZZZ
B

z dxdydz =

ZZZ
B∗

z rdrdθdz = π

ZZ
D

rz drdz

where D =
©
r2 + z2 ≤ 2, z ≥ 0, r ≥ 0, r2 ≥ zª

intersection of the circle and parabola is at z = r = 1

it is easier to slice it horizontally in zr− plane
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so z ∈ [0, 1] and r ≥ √z , r ≤ √2− z2

the integral I = π

1Z
0

z


√
2−z2Z
√
z

rdr

 dz = π

1Z
0

z

µh
r2

2

i√2−z2
√
z

¶
dz =

= 1
2π

1Z
0

z
¡£
2− z2 − z¤¢ dz = π

2

h
z2 − z4

4 − z3

3

i1
0
= π

2 ·
³
1− 7

12

´
=
5

24
π.

For b)

since x2 + y2 = ρ2 sinφ

B∗ =
½
ρ ≤ √2, θ ∈ [0,π] ,φ ∈ £0, π2 ¤ , ρ ≥ cosφ

sin2 φ

¾
since x2 + y2 = ρ2 sin2 φ and z = ρ cosφ

but necessarily
√
2 ≥ cosφ

sin2 φ
→ φ ∈ £π4 , π2 ¤

thus

I =

ZZZ
B

z dxdydz =

ZZZ
B∗

ρ3 cosφ sinφ dρdφdθ =

=

πZ
0

dθ ·
π
2Z
π
4

cosφ sinφ
√
2Z

cosφ

sin2 φ

ρ3dρ

 dφ...

6. Evaluate
ZZZ
B

p
x2 + 2y2 dxdydz where B is the solid bounded

by surfaces z = x2 + y2and z = 4− x2 − 3y2.
For 6)

B =
©
x2 + y2 ≤ z ≤ 4− x2 − 3y2ª between two paraboloids

necessarily x2 + y2 ≤ 4− x2 − 3y2
so 2x2 + 4y2 ≤ 4 that is (x, y) ∈ D0 =

©
x2 + 2y2 ≤ 2ª

andZZZ
B

p
x2 + 2y2dxdydz =

ZZ
D0

p
x2 + 2y2

4−x
2−3y2Z

x2+y2

dz

 dxdy =
=

ZZ
D0

p
x2 + 2y2

¡
4− 2 ¡x2 + 2y2¢¢ dxdy

use modified polar coord. to evaluate x = r cos θ, y = 1√
2
r sin θ

then x2 + 2y2 = r2 dxdy = 1√
2
rdrdθ

so D0 transforms into D∗ =
n
0 ≤ r ≤ √2, 0 ≤ θ ≤ 2π

o
and the integral into

=

2πZ
0

dθ

√
2Z
0

¡
4r − 2r3¢ r√

2
dr =

√
2π

"
4r3

3
− 2r

5

5

#√2
0

=
32

15
π.
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7. For the solid B in the first octant bounded by the coordinate planes,

the plane y + z = 2 and the surface x = 4− y2.
set up two different ways of integration of

ZZZ
B

fdxdydz

(a) (double first,then single)
ZZ
Do

µZ
fdz

¶
dxdy; sketch D0;

(b) (single first,then double)

bZ
a

ZZ
Dz

fdxdy

 dz; sketch Dz.
For 7)

B =
n
x ≥ 0, y ≥ 0, z ≥ 0, z ≤ 2− y, x ≤ 4− y2

³
or y ≤ √4− x

´o
so

D0 =
n
x ≥ 0, y ≥ 0, x ≤ 4− y2

³
or y ≤ √4− x

´o
and for a)ZZZ
B

fdxdydz =

ZZ
Do

µZ 2−y

0
fdz

¶
dxdy

for b)

0 ≤ z ≤ 2 and for a fixed z Dz =
©
0 ≤ y ≤ 2− z, 0 ≤ x ≤ 4− y2ªZZZ

B

fdxdydz =

2Z
0

ZZ
Dz

fdxdy

 dz
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