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1. For f(x, y, z) = xy − z2 + x find the absolute extrema
on the set B = {(x, y, z, ) ;x2 + y2 + z2 ≤ 1}..
C.P. inside ∇f = 0
y + 1 = 0 x = 0 − 2z = 0 (0,−1, 0)
C.P. on the boundary ∇f = λ∇g g(x, y, z) = x2 + y2 + z2 = 1

y + 1 = λ2x x = λ2y − 2z = λ2z

from the last equation case 1.z = 0;case 2.z 6= 0 so λ = −1
for 1. xy 6= 0; x

2y
= λ =

y + 1

2x
x2 = y2 + y together with x2 + y2 = 1

2y2 + y − 1 = 0 (2y − 1) (y + 1) = 0 for y = −1 as above
for y = 1

2 x2 = 3
4so x = ±

√
3
2 finally

³
±
√
3
2 ,

1
2 , 0

´
for 2. λ = −1→ y + 1 = −2x x = −2y so y + 1 = 4y
thus y = 1

3 x = −2
3 and z2 = 1− 1

9 − 4
9

³
−2
3 ,

1
3 ,±2

3

´
5 C.P.,now values

f (0,−1, 0) = 0 f
³√

3
2 ,

1
2 , 0

´
= 3

√
3
4 = 1.3 max

f
³
−
√
3
2 ,

1
2 , 0

´
= −3

√
3
4 = −1.3; f

³
−2
3 ,

1
3 ,±2

3

´
= −43 = −1.33 min

2. Evaluate
ZZ
D

y

x+ y2
dxdy where D is the region in the first quadrant

between x = 4 and y =
√
x.ZZ

D

y

x+ y2
dxdy =

4Z
0


√
xZ
0

y

x+ y2
dy

 dx = 1
2

4Z
0

£
ln
¡
x+ y2

¢¤y=√x
y=0 dx =

= 1
2

4Z
0

[ln (2x)− lnx] dx = 1
2

4Z
0

ln
³
2x
x

´
dx = 1

2 ln 2 · 4 = 2 ln 2

OR
ZZ
D

y

x+ y2
dxdy =

2Z
0

y

 4Z
y2

1

x+ y2
dx

 dy = 2Z
0

y
£
ln
¡
x+ y2

¢¤4
y2 dy =

=

2Z
0

y
£
ln
¡
4 + y2

¢− ln 2y2¤ dy ¡subst. y2 = u¢ ...
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3. Describe/sketch the set S in the coordinates x, y, z

(a) if S = {ρ = 2r}
where ρ is from spherical , r from cylindrical coordinates;

(b) if S = {r = 2, θ = π

4
, z any} is given in cylindrical coordinates.

for a)

ρ = 2r→ x2 + y2 + z2 = 4x2 + 4y2 z2 = 3(x2 + y2); z = ±p3(x2 + y2)
two part cone

for b) r = 2, θ =
π

4
gives the point

³√
2,
√
2
´
together with z any

vertical line
³√
2,
√
2, z

´
4. Evaluate the integral

ZZZ
B

dxdydz√
z

where B is the region in the first octant below z =
√
x+ y and above the triangle

with vertices (0, 0) (1, 0) and (0, 1) .

B = {0 ≤ z ≤ √x+ y, (x, y) ∈ T} where T = {x ≥ 0, y ≥ 0, x+ y ≤ 1}

so
ZZZ
B

dxdydz√
z

=

ZZ
T


√
x+yZ
0

1√
z
dz

 dxdy = 2 ZZ
T

[
√
z]
√
x+y

0 dxdy =

= 2

ZZ
T

(x+ y)
1
4 dxdy = 2

1Z
0

1−xZ
0

(x+ y)
1
4 dy

 dx = 8
5

1Z
0

h
(x+ y)

5
4

iy=1−x
y=0

dx =

= 8
5

1Z
0

h
1− x 54

i
dx = 8

5(1− 4
9) =

8

9

OR
ZZZ
B

dxdydz√
z

=

1Z
0

1√
z

ZZ
Tz

dxdy

 dz where Tz = {x ≥ 0, y ≥ 0, z2 ≤ x+ y ≤ 1}
area of Tz is the diffrence between two triangles so Az = 1

2

¡
1− z4¢

1Z
0

1√
z
(Az) dz =

1
2

1Z
0

³
z−

1
2 − z 72

´
dz =

h√
z − 1

9z
9
2

i1
0
=
8

9
.

5. Evaluate
ZZZ
B

dxdydzp
x2 + y2 + z2

where B = {(x, y, z) ;x2 + y2 + z2 ≤ 2, z ≥ 1, x ≥ 0}.

spherical coord.ZZZ
B

dxdydzp
x2 + y2 + z2

=

ZZZ
B∗

ρ2 sinφdρdφdθ

ρ
where B∗ = {ρ2 ≤ 2, ρ cosφ ≥ 1, θ ∈ £−π

2 ,
π
2

¤}
together

1

cosφ
≤ ρ ≤ √2 necessarily 1√

2
≤ cosφ so φ ∈ £0, π4 ¤
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ZZZ
B

dxdydzp
x2 + y2 + z2

=

ZZZ
B∗

ρ2 sinφdρdφdθ

ρ
=


π
2Z
−π
2

dθ


π
4Z
0

sinφ


√
2Z
1

cosφ

ρdρ

 dφ =

= π
2

π
4Z
0

sinφ
³
2− 1

cos2 φ

´
dφ = π [− cosφ]

π
4
0 − π

2

π
4Z
0

sinφ
³

1
cos2 φ

´
dφ = π

2{
³
2−√2

´
−
h

1
cosφ

iπ
4

0
}

= π
2

h
2−√2−√2 + 1

i
= π

³
3
2 −
√
2
´
.

6. Evaluate
ZZZ
B

z
p
x2 + y2dxdydz

where B = {(x, y, z) ; 2x2 + 2y2 + z2 ≤ 3, z ≥px2 + y2, y ≥ 0}.
cylindrical coord.

I =

ZZZ
B

z
p
x2 + y2dxdydz =

ZZZ
B∗

zr2drdθdz whereB∗ = {2r2+z2 ≤ 3, z ≥ r ≥ 0, θ ∈ [0,π]}

intersection of the line and ellipse z = r = 1; 0 ≤ r ≤ 1; r ≤ z ≤ √3− 2r2

so I = π

1Z
0

r2


√
3−2r2Z
r

zdz

 dr = π
2

1Z
0

r2
¡
3− 2r2 − r2¢ dr = 3π

2

1Z
0

¡
r2 − r4¢ dr =

= 3π
2

h
1
3 − 1

5

i
=

π

5
.
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