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1 101 Letz; =244, 2 —3—4fand z; = 7+ 5i. Find
1 G z—22

(i) 223+ 2

(iii) 23
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1 1.1.2 Give a simple example to show that if z € C, |z|* # 2% in general.
© 1.1.3 Find the values of

': 11
NOID I
i n=0

@ | I
1+3f 1-3i
{114 Let

_ 1 —cosfO+isinf
I 4+ cos@ — isin@
where 6 is real. Show that Rez = 0 and Im z = tan (6/2).

1.1.5 Find the real numbers @ and b such that z =1+ 2i is a solution to
the cubic equation

Braz+b=0

and find all other solutions in this case.
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1.1.6 Prove that z;z; = 0 if and only if z;, = 0 or z, = 0.

1 1.7 Find the roots of the equation 2% = 1. If 23 = 1 with z # 1, show that
Z +.:. =-1.

1.1.8 Find the values of z € C which satisfy |z — i| < |z —2|.

119 Show that for o, feR with 0<a<1 and 0<f<I,
1 o+ B2 < 1+ 02f% Hence prove that for a, z € C, with le] < 1and|z| <1,
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Exercise 1.2.1 Sketch the set of values of z in the complex plane for which
D) |z—2/<2and|z—i>2
(ii) Rez—Imz< 1

(111) z+2z’ 3
2i

Exercise ;'j: 1.2.2 Prove that

|l al +la - ol =2(laf +lal)

" for all z;, z; € C. What is the geometrical interpretation of this result?
Exercise 1.2.3 Use a geometrical argument to support the fact that

{ |z —3i] + |z +3i]| =12

! is the equation of an ellipse in the complex plane. Prove this fact using an
j  algebraic approach.

Exercise ; 1.2.4 Show that the equation
i G+’ =20z+52) (x€C)

f
b v
5 represents a parabola in the complex plane if « is not real. What curve(s)

N domc 14 ramracart s F A ran 17



Exercise || 1.2.5 Which of the following sets of complex numbers are (a) open, (b)

i

i closed, (c) connected, (d) simply connected, (e) bounded, (f) compact? Give
[l brief reasons for your answers,
;f ) {z:Imz< 0}
L) {zi)z—of > 4}
(i) {1, i,—1, —i}
(V) {z:]z] < I}U{z:[z—.’z]i[ w1}
V) {z: I<[Rez|+Im 2| < 4}
(vi) C
Exercise 1.2.6 Prove that S C C is closed if C\S is open.
Exercise ' 1.2.7 Find the image of the circle with equation
N R)
under stereographic projection.

Exercise gj 1.3.1 Find the polar representation of sin@ — icos g, 0eR.
Exercise 1 1.3.2 Express the following in the form a-+ib by first finding the polar

i

i Tepresentation of each of the complex numbers involved:
§O) (14 iy
) (1= (14iy3)?

| iy (V3-1)°
i ) (-1 +:‘\/§)5

)

i @v) 27V 1y
L) (-

[0 (g

Exercise [11.3.3 Find (he tWo square roots of 3 4+ 4; ip the form a + i, Hence solve
4 the equation

|32 +(2+ Mz+Qi-4)=0

Exercise , *1.3.4 Use polar representation to prove that eﬁery complex nufnber
' z# —1 of unit modulus can be €xpressed as ’

foz= _l_t_!_t (for some ¢ R)
4 1—jr

Exercise 1.3.5 Use De Moivre’s theorem to prove the following identities in real
\» numbers, (You may assume that sin® 4 cog2 g — 1.)
} () cos50 = 16cos5g 20cos’ 6+ 5cos ¢

Bl 4tan @ — 4tan3g
¢ (1) tandp =

f:;'() I —6tan?f + tanip
i Giii) sin®g = § = 30520 + Lcos g

; (iv) cos®@ +sin®g — 2005 80 + 15 cos 40 2

|

Exercise ﬁ136

’f () Find the sixth roots of 1 and prove that they are the vertices of g
i regular hexagon, centre 0, in the complex plane.
: *(i1) Prove that

sin (n/n) sin @nr/n) ... sin((n - Dr/n) = p2l-n (meN,n#1
(Hint. Find the product of the non-zero roots of (1 -z = 1.)
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