
PMAT 421 WINTER 07
FINAL 3 hours

Solution

Note:Give the answers ,if possible in the form a+ ib; a; b real.
Each question is for 10 marks.

1. Find all values of

(a)
1�

�
p
3� i

�i = e�i log(�p3�i) = e�i[lnj�p3�ij+i�+i2k�] = e�i ln 2e 76�+2k� =
= e

7
6
�+2k� [cos(ln 2)� i sin(ln 2)] ( also � = �5

6
�);

(b) arg

"
(1� i)10

(1 + i)6

#
= arg

"
(1� i)2�5

(1 + i)2�3

#
= arg

"
(�2i)5

(2i)3

#
= arg(4) = 2k�

where k is any integer OR

arg

"
(1� i)10

(1 + i)6

#
= arg (1� i)10 � arg(1 + i)6 + 2n� = 10 � ��

4
� 6 � �

4
+ 2n� =

= �8
2
� + 2n� = 2k�

2. cos z = 3i ! eiz + e�iz

2
= 3i! w +

1

w
= 6i where w = eiz

w2 � 6iw + 1 = 0 w1 =
6i+

p
�40
2

= i
�
3 +

p
10
�

and w2 = i
�
3�

p
10
�

iz = log i
�
3 +

p
10
�
= ln

�
3 +

p
10
�
+ i�

2
+ 2ki�

z = �i ln
�
3 +

p
10
�
+ �

2
+ 2k� also

iz = log i
�
3�

p
10
�
= ln

�p
10� 3

�
� i�

2
+ 2li�

z = �i ln
�p
10� 3

�
� �

2
+ 2l�; where k; l are any integers

also z = �i ln
�p
10� 3

�
� �

2
+ 2l� = z = i ln

�p
10 + 3

�
� �

2
+ 2l�;

so together z = i ln
�
3 +

p
10
�
� �

2
+ 2k� = i ln

�
3 +

p
10
�
+ �

2
+ k�;

we can always solve cos z = w0 for any complex w0 since

a quadratic equation w2 � 2iw0w + 1 = 0
has always at least one complex root by Fund.Th. of Algebra,

and w 6= 0 so z = 1
i
logw:
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3. For f(z) = x2 � y2 � 2xy + i(x2 � 2xy);where z = x+ iy; x; y real
u(x; y) = x2 � y2 � 2xy v(x; y) = (x2 � 2xy)
Necessary condition for f to be di�erentiable:

ux = 2x� 2y = vy = �2x! 4x = 2y

uy = �2y � 2x = �vx = �2x+ 2y ! y = 0; x = 0

necessary conditions: If C.R.are NOT satis�ed then f is not di�erentiable.

Su�cient condition: since partial derivatives are cont. everywhere and

C.R. conditions are satis�ed at the origin f is di�erentiable at the origin only.

But it is analytic nowhere since the origin is not an open set.

4. u(x; y) = x3 � 3xy2 � 2y + 5
is harmonic since uxx = (3x

2 � 3y2)x = 6x and uyy = (�6xy � 2)y = �6x thus4u = 0
For a harmonic conjugate v : vy = ux = 3x

2 � 3y2

then v =
R
uxdy + c(x) = 3x

2y � y3 + c(x)
check vx = 6xy + c

0(x) = �uy = 6xy + 2! c(x) = 2x

together v = 3x2y � y3 + 2x+ const:

For f(z) substitute x =
1

2
(z + �z) y =

1

2i
(z � �z)

also we can guess to get u = Re f(z) it must f(z) = z3 + 2iz + 5

since z3 + 2iz + 5 = (x+ iy)3 + 2i (x+ iy) + 5 =

= x3 + 3ix2y � 3xy2 � iy3 + i2x� 2y + 5 then v = Im f(z):

5. First the Laurent series for f(z) =
1

z � 1 =
1

(z � i) + i� 1 around z0 = i

the distance to the sing point z = 1 is ji� 1j =
p
2 so we have two possibilities

jz � ij <
p
2 or jz � ij >

p
2� this one contains 2 since ji� 2j =

p
5

then
1

z � 1 =
1

(z � i) + i� 1 =
1

(z � i) �
1

1� 1�i
z�i

=

=
1

(z � i)

1X
n=0

(1� i)n
(z � i)n = (k = n+ 1) =

1X
k=1

(1� i)k�1
(z � i)k ; for

���1�i
z�i

��� < 1
now di�erentiate

�1
(z � 1)2 =

1X
k=1

�k(1� i)k�1
(z � i)k+1 (k + 1 = n)

1

(z � 1)2 =
1X
n=2

(n� 1)(1� i)n
(z � i)n

and bn = (n� 1)(1� i)n for n � 2:

6. Classify all singular points zk of f(z) =
cos z � 1
z2(ez � 1) and then �nd all Res(zk):

�rst z = 0 it is a simple pole since
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Res(0) = lim
z!0
zf(z) = lim

z!0

cos z � 1
z2

("
0

0
"L.H.R.)� lim

z!0

z

ez � 1 = �
1

2
6= 0

next.solve: ez � 1 = 0 zk = log 1 = 2k�i; k 6= 0;simple poles

Res(zk) = lim
z!zk

(z � zk) f(z) = lim
z!zk

cos z � 1
z2

lim
z!zk

z � zk
ez � 1 ( L.H.R.) =

=
cos (2ki�)� 1
�4k2�2

1

e2ki�
=
1� cosh (2k�)

4k2�2
6= 0:

7. (a)

since f(z) =
1

z
is analytic for z 6= 0 and F (z) = log z

the branch with arg 2 [0; 2�)
by Fund.Th. of Calculus for any curve from �1� i to i

p
2 not crossing the branch

cutZ
c

1
z
dz = log

�
i
p
2
�
� log (�1� i) = ln

p
2 + i�

2
�
h
ln
p
2 + i5

4
�
i
= �3

4
i�:

(b) by de�nition:

Z
c

1

z
dz = �

5
4
�Z

�
2

1p
2e�it

� i
p
2eitdt =

h
e2it

2

i�
2

5
4
�
= 1

2

�
e�i � e 52�i

�
=
�1� i
2

:

since for �c z(t) =
p
2eit t 2

h
�
2
; 5
4
�
i

from �1� i to i
p
2 lying in the left half of the complex plane.

8. By L.Th.if sin z is entire and bounded it must be constant- contradiction.

9. First I =

1Z
0

cos 2x

x2(x2 + 1)
dx =

1

2

1Z
�1

cos 2x

x2(x2 + 1)
dx =

1

2
Re

1Z
�1

e2ix

x2(x2 + 1)
dx =

= 1
2
Re

264 lim
R!1

RZ
�R

e2ix

x2(x2 + 1)
dx

375
then f(z) =

e2iz

z2(z2 + 1)
is analytic except at z = 0 double pole

and z = �i simple poles; the curve 
 is dented around 0
since the degree of the bottom �2+degree of the top we know that

1

z2(z2 + 1)
! 0 as z !1 thus

I = 1
2
Ref2�iResi (f) + �i Res0(f)g

now,

Res (i) = [(z � i) f(z)]z=i =
"

e2iz

z2(z + i)

#
z=i

=
e�2

�2i
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Res (0) = [z2f(z)]
0
z=0 =

"
e2iz

(z2 + 1)

#0
z=0

=

"
2ie2iz

(z2 + 1)
� e2iz � 2z
(z2 + 1)2

#
z=0

= 2i

thus

I = 1
2
Ref2�iRes (i) + �i Res(0)g = ��

2e2
� �:

10. For w = e�z w0 = �e�z 6= 0 for all z so the mapping is conformal for all z;

but is it NOT one-to-one since f(z + 2ki) = e�ze2ki� = e�z = f(z)::::2i�periodic

the range is all w 6= 0 since we can solve for z = 1
�
logw only if w 6= 0

generally, w = e�x+�yi u = e�x cos �y v = e�x sin �y

the image y = 1
2
; x any w = e�x+

�
2
i u = 0; v = e�x > 0; upper half of v-axis

the image y = 1; x any w = e�x+�i v = 0; v = �e�x < 0; left half of u-axis
a vertical line between y = y0 2

�
1
2
; 1
�
; x any,e.g. y0 =

3
4

so �y0 2
�
�
2
; �
�
; sin (�y0) > 0; cos (�y0) < 0

for our example .u = �1p
2
e�x v = 1p

2
e�xso u = �v; v > 0

generally

u = e�x cos �y0; v = e�x sin �y0 u = mv; v > 0;m < 0 a ray in the second
quadrant

together the image of the set
n
z; 1

2
� Im z � 1

o
the second quadrant of the u; v-plane

including axes , excluding the origin
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