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FINAL
SOLUTIONS
For 1a)
(_1)1—i — o(1=i)log(—1) — (1=i)[Inl+i(r+2km)] _ pi(r+2k7) | om(2k+1) — _ om(2k+1)
for any integer k.
For 1b)
sin(i — ) = 5 (ei(i_”) — e‘i(i_”)) =St(ete ™ —elem) =1 (% — e) .
For 2) .
for sin z = —i we can use the definition of sin z = % = —i
i

then e — e~ = 2 jfor w = €’ we get w — = =2

and w?—-2w—1=0
wmzig\/g:lj:\/iorwl:\/§+1>0,w2:1—\/§<0

2 = Llogw, = —i [1n(\/§+ 1)+¢(2lm)} :ka—iln(ﬂ+1)
AND

z = tlogw, = —i {ln(ﬁ—l)—i—i(w—l—%w)}

=—iln(V2-1)+ (2 +1)7 = (2+1)7 +iln (V2 +1)

for any integers k. [.

For 3)

the property of log :log z = — log% + i2n7 for certain n, z # 0
a)

to get n = 0 we need both Arg z, Argi € (—m, ] but

Arg 1 = —argz € [-m, )

so we have to exclude points on the cut z =z <0 where Arg z =7
b)

it means that arg z € [0,27) then arg L € (=2, 0]

so only for points on the cut where arg z = argé =—argz=10
i.e.z = x > 0 the relation is valid.

For 4)

f(z) = j_4 is analytic for z # —4 distance from 7 to —4
z

is |i + 4] = v/17 thus around zy = i we have two possible domains
|z — 1| < V17 or |z —i| > /17 ,distance from ¢ to 10 is v/101

thus we need the latter to get 10 in,so negative powers of (z — i) :

first ,

1 1 1 1 (f 441 <1>
= = . - = or

z4+4 z—i14+44+1 z—1 1—1—% z—1

_ 1 i (D" (4+2)" i (=1)" (4+4)"

—i= (z—i) = (z—i)"!

now

z _z+4—4_1 4 B

244 z4+4 244 . .
O 4(-1)" (44" © (=14 (4+4)"
n=1 (Z - Z) k=1 (z —1)



for |z —i| > /17 and by = 4 (4 + 1)

ALSO 4 4
z
= =1- =1 = .
f(z) z+4 z+4 z—1+4+1
For 5)

Is |sin z| < 1 for all complex z? The function sin z is entire i.e. analytic everywhere
if it is bounded then by Liouville’s Th. sin z = const.....contradiction

”If f is entire and bounded i.e.analytic and for some M > 0 |f(z)| < M for all z;
then f is constant .” Also |sinin| = 1|e™™ — €"| — 0o as n — oo

For 6)

/ —= dz where c is the curve from —¢ to 1 + ¢ lying in the right half of the plane

we can parametrize a line segment or use Fund. Th.F(z) = 2y/z = 2e3Logz

in the complex plane excluding the cut =negative x-axis since F”'(z) = —=there

N
1 1
50 / FOl4d)— F(—i)=2[(1+1)% — (—i)?
L | |
principal branch means that Arg (1 +i) = 7 and Arg(—i) = —
(1+ z) — ealog(1+i) — o3I V2+ig _ 39 (cos g Tisin %)

s
2SO

l_ 1Log(—i) _ ,—iT __ 1
and (—i)? = e2lo9(=) = ¢ =5 7
ﬁnally/—dz:%cosg—ﬂ—l—(%m +/2).

For 7 )
f(z)=1e + has an essential singularity at z = 0

fl)=leet =t (1+2+5+5+.)(1+2+ 5 +2)

o 2T'L

. . 23 — S
so the residue: 142 +(2, Gz T = nZ::o (n!)Q.
For 8)
/cosx /cos xd—1R7 el p
J 2t =16 T2 :1;4—1633 T T

1

f(z) = is analytic

24— 16 (22—4) (22 +4)
except at z = £+2......on the real axis and z = +2¢ ,only z = +2i inside the curve
the curve ¢ =|[-R,—2 —¢|Uc?U[-2+¢,2—c]UPU[2+¢ R|UTR

with two”dents” - semicircles around z = 42, and big semi-circle R >> 2

%f(z)eizgdz = 2miResy; since lim f(2) =0 as R — oo,

zcmd -
cos fx e 1 , _
0/.754 — 16dx = - Re_/ mdx =3 Re{2miResy; + mi [Res_o + Resy|} =
— ——(e 2 —+ 1)

32
Resy; = {(Z —2i) f(» )61Z4L:2z' - [(22

i, T
2ZZ

1 e 2
—4) (z+2i)],_,, —32i




s i -1
32 32 32

Resy; = {(z —2) f(z)eizﬂzz2 =

iz

e 2 —1 —1

€ZZ4
[(z2 +4)(z — 2)]2_2 T -32 0 —32 32

Res_y = [(z +2) f(z)eizﬂz:_z =
For 9)

21 27 .

sin 36 et3?
_ SOV g =1 /7d9:1
/5= 3sin mo 5_ 3sind

o d 1 1 A
by SUbSt. Z = 6197 j = d@,sin@ = 5 <Z - ) ’ekz?)@ — ZS

iz 21 z
23 dz 3 oA
5_3.2=14z 5zz—§.(z—1) 10iz — 32213
|z[=1 21z3 =1 s
—22°d
- ]{ 3.2 _ 12025_ 3 find the poles : 322 — 10iz — 3 =0

2 = MEVEIO0EEE 0B — L or 3j and 322 — 10iz — 3 =3 (2 — §) (2 — 3i)
%

only z; = 3 is inside the unit circle so by Residue Th.

—223dz . ) ; . —223
7{ T 10z 3 — 2 Resy = 2im (2 - §) f<Z)L:% - [3(z—3z)] -

—i
|z[=1 -

Q) . -
= 2mi - : :—-—andlzlmf...:—.
—& 2 27 et 54

For 10a)
the mapping w = f(z) = z — L is conformal if z # +i,0 since

1 241
flz) =1+ = : —5 # 0 w = f(£i) = £2i (critical points)

z 2
For b)
for |z] =2 2(t) = 2€" so w =2e" — e = 3 cosf +i2sind

2 2

(%u) + (%v) =1 an ellipse with £2¢ inside
For c)
ifz:z'y,y#Othenw:iy—i:i% u=0,v#0

SO y-axis minus origin onto a part of v-axis minus origin
241

to find out which part find the range of f(t) =

t?2+1

or : >2  241-20=(f-12>0
thus |v] > 2 z2 =241 —w==22

For d)

|z| = 1 passes through +i and z = €'

w = e — e =2isinfh so u=0,v € [-2,2] .. vertical line segment

Notice that y-axis and unit circles go through the critical points z = +7 and
are prependicular to each other but images are parallel.



