- @ E[Tise] = E[TI *+ Ty e T;] vhere T, is the time &:um .

the (i-1) and the P departere. Now T; aad T, are exponeatial
vith rate 21 gince they are both the minimss of two expoaeatials

each of which has rate A. Also, Ta is exponeatial with rate 1.
Thus,

= 1/(22) « 1/(22) « 1/1 = 2/2.

Using the same represeatation as in the solution to Probles /5

~ we bave that |

ET] = E[T,) « E[T,) + ET)

E[T] = ET,] - z['rz] + E[T,) e o

~ Solvhons o priblams n Chopter 5

The randoa variables ‘l‘l and ‘I‘z are both exponential with rate

A dy o aad 50 bave mean 1/(4; + dg). To determine E[T,) S

consider the time at vhick the first customer bas departed and .

condition on vhich server cospletes the mext service. This gives ..
E[Ty) = EfTglserver 1] [4,/(3; + 45)] '

e (A9 [4/(4y + 39)] + (1) [/ (3 3]
Therefore,

EfTine] = 2/(pedg) » WADDY /Gy » 2] -+ T

o (113 [/ (3] + 39)].- B s




) E[time vaiting at 1] + 1/5; « E[cime vaiting at 2] « 1/u, .

- , m

E[tize vaiting at 1] = 1/p;,
Eftime waitiog at 2] = (1/g,) *1
' Byvéy
The last equation follows by cosditioning or whether or mot the

customer vaits for server 2. Therefore, : .

I « : B[t.ilé] = 2fpg ¢ (Uﬂz)[i « byl (Byog)] -

L @ Eftimse] = E[time vaiting for server 1] + 1/,

« E[time vaiting for server 2] + 1/p, .

Nou, the time spent waiting for server 1 is the remaining service .

time of the customer with server 1 plus any additional time due

R to that customer blocking your emtrance. If server 1 finishes

e before server 2 this additional time will equal the additional

— service time of the customer with server 2. Therefore, |

_ Eftime vaiting for server 1] = 1/, + E[Additional]

' = 1py < (Usg) [5y/ (8g= #9)] -
Simce whea you enter service with server 1 the customer preceding
you will be entering service vith gerver 2, it follovs that you
will have to wait for server 2 if you finish service first.
—d Therefore, conditioning oa whether or not you finish first
e “Eftime ni:inj for server 2) . (1/89) [,/ g+ £a)] -
Thus, : : :

Efvime] = 2/p) + (2/5y) [5)/(ny* B9)] * 1/ay -

T
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(b)- (1/2)1#1_': whenever battery | is in use and a

) ) flllure.occ{m the probability is 1/2 that it is pot =~ -
_ _ battery 1 that has failed. S
o (€) (172" 5y,

— - @) Tis the sum of n—1 independent exponentials with P

— Tate 2z (since each time 2 failure occurs the time I

— | uati] the next faflure is exponential with rate 2p). S
SR : (¢) Gamma with paramsters neg and 2. L

3 : 1 : 4
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- @ Condition on which anirﬁal died to obtain

Eladditional life] = FE[additional life—dog diéd]—ﬁ— + E[additional life—cat died] e
d 1 Ac |

I P v e

@ Condition on whether the 1 PM appointment is still with the doctor at 1:30, and use the
s fact that if she or he is then the remaining time spent is exponential with mean 30. This
gives ' ' :

E[time spent in office] = 30(1 — e~ 3/39%) 4 (30 + 30)e30/30
= 30+ 30e™! |
T (®) Fors = /o0, /60, 10/60, 20/80 S weseethat e
e : _ ~if2 -1 I | . S
35 110, A R |\ -
o @ 3) E[S,]) = 4/A. : B
— (b) E[S,IN(1) = 2] = 1 « Eftine for 2 sore evests) = 1 + 2/4. [
e (c) E[N(4) - K(2)IN(1) = 3] = E[N(4) - H(2)] B
= 2). _ . .
R The first equality used the independeat incremeats property.

Let S; denote the service time at server i,i = 1,2, and let X denote the time until the

next arrival. Then, with p denoting the proportion of customers that are served by both
B servers, we have ‘

: H1 H2
p=P{X > 5 + 5} = P{X > S} AX > S+ &HIX > Si} = 7R3003




Given T, the time until the next arrival. N. the number of busy. servers found by the ——
next arrival, is a binomial random variable with parameters n and p = e™#7,

(a) | S
= = ~At — —put = At ‘tl nA : pai
BN = [ BINIT = thedt = [ nesireae = S22 .

For (b) and (c), you can either condition on T, or use the approach of part (a) of Exercise
14 to obtain ——
N ey R I —
{ B } l};‘[l)t-k(n—-jﬂ-l)p_ ' -

; A o=+ :
{ n-i :)\+(n—i)p£z\+(n—j+l)n

: @ Let T deaote the time uacil the mext train arrives; asd so T T

is wnifors on (0, 1). Note that, conditional oz T, X is Poisson B i
Uit.h BEean Trc

(a) E[X] = E[E[XIT]] = E{7T] = 7/2.
(b) E[X[T] = 7T, Var(X|T) = 7T . By the conditional variance
formla ' :

Yar(X) = TE[T] « 49Var(T) = 7/2 + 49/12 .= 91/12. L, o

N (c) 1'_5&_4- - — _.._.___-

(a) e (b)ot. ———— -

T @3 unconditional probability that the claim is type 1 is 10/11. Therefore .

- P(4000]1)P(1) e e
_______________ P(IH.OOD) =+ P(4000i1)}'(:)[1) + P{4DDOi2)P(‘2) 8_410/1]' + .2e 781/11 !




(2) Poisson with mean cG(t).
(b) Poisson with mean c{;_c.(m.
(¢) Independent.

(E?%) . Let X and Y be respectively the nusber of customers in the

system at time tes that vere presest at time S, and the pumber in

the systea at tes that were not in the gystea at time s. Since

are independent (even if gives the number in the systes at time

s). Since the service distribution is exponential with rate s, it

follovs that given that X(s) =n , X vill be Binomial vith
paraseters o and p = ¢ A%, Also Y, vhich is indepeadest of X(s),

vill have the same distribution as X(t). Therefore, Y is Poisson

. t . .
vith mean A %e'ndy = A(1- €Y.

(a) E[I(t¢s)li(s) = 8] = E[X|X(s) = ] « E[Y|X(s) = n].
R I TR Ly
| (b) Var(X(t+s)|X(s) = ») = Var(X YiX(s) = un)

= Var(X]X(s) =n) < Var(Y)
o e pe P PY) o a1 - €FY) /.

The above equation uses the fﬁrlulas for the variances

of a Binomial and 2 Poissnn_randot variahlq.

there are an infinite number of servers, it follows that X and Y




