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@ {a) If the state is the number of individuals at time
t, we get a birth and death process with

n=nA+20 n<N

Ap = nA n>N
Hn = N

{b) Let F; be the long-run probability that the
system is in state 7. Since this is also the pro-
portion of time the system is in state 7, we are

oo
looking for }° P,
i=3
We have ’\kPk = Juk—{»-lpk—l-l-
This yields
e
P1 = IL_PD
e .
P = .A_+__ ) = 6(_)‘-{:2.6_) Py
2u 21
2A+0 2] 8y(2x+40
Py = ___+,-_p2 - (A+ )(3 + )Pa-
2 6L
For k > 4, we get
—— E—1)A

P = ( i ) P4,
which implies

_(k=1)(k=2)-3) [A]F°
B = mm~nm@)[J

30A k-3
pepli]

therefore i P =3 [;}SP;»,
k=3
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o 8(A+8) (3?\ +8) Py.
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Now ): P; = 1 implies
0

2} 9(/\+9)+ %59(7‘4_9)(23—1-9)

Py= |14 =+
, 0 [ w2t

8  6(A+6) e

J B(A +6)(2A + 9)] / {1 tat T2

T 8(A+6)(2A +6)
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With the number of customers in the sh:ap as the
state, we get a birth and death process with

Ag=M =3 !-1-1:11-1-2"—"4:-

Therefore
2
3 3 3
PI—ZPU Pzﬂzl' Pl*‘-’ [Z] PO

2
Andsince ¥ P; =1, weget
0

-1
3 [3]° 16
Pg—|:1+z+|:—4':|‘| =35
(a) The average number of customers in the

shop is
3 312
P+ 2P = Z+2[Z] ilP{}

-1
30 3, [3]* 30
=16 14 1 + [Z] ] =37
(b) The proportion of customers that enter the
shop is
A1 —Py) 9 16 28
. ST A Ry [ = — b — T e
2 R=l-g%=%

(c) Now pt =8, and s0

-1
3 [3]2 64

So the proportion of customers who now enter
the shop is

3]2264 .9 88

1“1’2“‘“1‘[5 57 =17 o7

The rate of added customers is therefore

88 28 88 28
2] 4[] -2 [2- 2] -0

The business he does would improve by 0.45
customers per hour.




“P"f 2o 5T -

state, we have a birth and death pProcess with
A=A =X =20, A=0i>2

H1 = Up = 12.

Hence,

5 5 512
P== -2

5 513
Py=3h= {5} Py

3
andas ) P; = 1, we have
1]

272"

Letting the number of cars in the station be the

(@)

(b)

The fraction of the attendant’s time spent ser-
vicing cars is equal to the fraction of time
there are cars in the system and is therefore
1— Py =245/272.

The fraction of potential customers that are
lost is equal to the fraction of customers that
arrive when there are three cars in the station
and is therefore

5 3
P = H Py = 125/272.

With the number of customers in the system as the
state, we get a birth and death process with

A=M=h=3A=0,

i>4,

m=2pmp=mp=4%4 o
T T Therefore, the balance equations reduce to T
— —_— 3 3 9 3 27 e
B - N P = EPU Py = ZP} = gPﬂ Py = EPZ = "__%EPU'
And therefore, o
— e e e 3 9 o7l 2 —
_ Po—[“fﬁgz] =18
''''' {a) The fraction of potential customers that enter e
the system is
A1 —P3) 7 32 116
AT P =1 X =
. A 3 32 * 143 143 —
- SR - (b) With a server working twice as fast we would |
get
— e et 8 2 - [ e et e 3 3 3 2 3 3 P
e
3 31 [3}° 64
o e - _ and Pp= [1 + 1 + [ﬂ + {1] } =75 .-
— - e e e So that now :A -
27 64 148 1
e e e e e e e e —P=1l-—=l—- 0=
1—-Fs =TT 15 PW :




W@ The number in the system is a birth and death pro- [
cess with parameters

A=A/(n+1), n>0

"Lﬂ:“ﬂr nzl.

From Equation (5.3),

P =1+ Y (A/p)"/nt = Mo

p=]

and

Py = Po(A/ )" /nt = e~ MH(A[u) Jnl, n >0

@ Let the state denote the number of machines that

are down. This yields a birth and death process

with
3 2 1 .
- — = _—— - >
A0 10 )\1 in* /\2 10° At 01 I 3
1 2 2

.u1=§, u2=§rﬁl3=§-

The balance equations reduce to

3/10 12

Py=- /8 T7gfe=73h
2/10, 48
P -
2= 578 11 Pﬁ 250
1/10 192
By = 2/8 2B = 10I%'" 250"

3
' Hence, using Z P; =1, yields
0

12
Po=|1+2+

15227

45 192]7" _ 250
5 25 250

{(a) Average number not in use

2136 1068

(b) Proportion of time both repairmen are busy

672 336

=P+ P = 7555 = 761




@(a) Yes, (b) no, (c) no. _ -
y @ (&) S, isPoisson with mean 7iL S e S
() P{N(t) =n}
— P{N(t) 2 n} ~ P{N() 2 n-+1} L v '
=p{S, <t} — P{Sps+1 St} f T
G . o S
=Y e~ (ap)* [k
L . S . — e
if] \ k T T S T ST S S e e e -
_ Y eI+ 1l T
k=0 e e e i
where [f] is the largest integer not exceeding ¢. S
the one-to-one correspondence of m(t) and F: S ~
ollows that {N(£), £ 2 0} is a PoiSSOn Process = T T e
ate 1/2. Hence,
oo o S -~
f-SuppOSef for instance, that the interarrival e
es of the first renewal process are identi- I
equal to 1. Let the second be a Poisson ..
ess. If the first interarrival time of the pro- R
N(t),t 2 0} is equal to 3/4, then we - — — S
certain that the next one is less than or
to 1/4. e e S
Se the same processes asin (a) foracoun-
ample, For instance, the first interarrival T _”
Ual 1 with probability ¢, where Aisthe e e e
he Poisson process. The probability will T
nt for the next interarrival. e e
ause of (a) or (b).
variable N is equal to N(I) + 1 where e
renewal process whose interarrival T
s uniform on (0, 1). By the results of S e
ery five months. Jo o




@ X(s) + X(t) = 2X(s) + X(£} — X(s).

Now 2X(5s) is normal with mean 0 and variance 4s
and X(¢#} — X(s) is normal with mean 0 and vari-
ance t — 5. As X(s) and X(t) — X{s) are indepen-
dent, it follows that X(s} + X(t) is normal with
mean { and variance 4s +t —s =35 + L.

@ The conditional distribution X(s) — A given that
". X(t1) = Aand X(t;) = B is the same as the condi-
tional distribution of X(s — #;) given that X(0) =0

and X(f; — t;}) = B ~ A, which by (1.4) is normal
with mean —— b (B — A) and variance =h)

ty — & 2~ by

(k2 ~ 5). Hence the desired conditional distribu-
(—t)(B-4)

ty =t

tion is normal with mean A -+
(s —t){t2—5)
ta —t

(3) EX()X() X (t)

= E[E[X(t1)X(t2) X(t3) | X(t1), X(£2)]]

= E[X(t1)X(t2) E[X{ts) | X(t1), X(t2)]]

= E[X(t1)X(t2) X(t2)]

= E[E[X(t1)E[X*(t2) | X(11)]]

= E[X(h)E[X?(t2) | X(t1)]] (*)

= E[X(0){(t2 — 1) + X*(t1)}]

= E[X?(t1)] + (t2 — 1) E[X(t1)]

=0

variance

where the equality (x) follows since given X(#,),
X(t;) is normal with mean X(t;) and variance

ty — 1. Also, E[X°(#)] = 0 since X(t) is normal
with mean 0.

@ (a) P{T; < oo}= :IHBQ P{T, <t}

='"\/Z"zz (" el by (106)
s

=2P{N(0,1) > 0} = 1.

Part {b) can be proven by using
oo
E[T,] = fo P{T, > t}dt
in conjunction with (2.3).
@ P{Ty < T_y < Tr} = P{hit 1 before — 1 before 2}
= P{hit 1 before —1}

% P{hit —1 before 2 | hit 1 before —1}

= %P{dOWanefore up 1}
_ 111
S 23 6

The next to last equality foliows by looking at the
Brownian motion when it first hits 1.

The probability of recovering your purchase price

is the probability that a Brownian motion goes up
¢ by time ¢. Hence the desired probability is

2 o 2
- X =1 — ye/2
1 P{&fé (s)zcp=1 Wor l/ﬂe dy

@ Let M = {max,<s<t, X(s} > x}. Condition on
X(t1) to obtain

e‘""y2/2t1 dy

P = [ PMIX () = 3) e

Now, use that

PM[X(th}=y)=1 y=x

and, fory < x

P(MiX(h) = y) = P{ _max X(s)>x- y}

= 2P{X(ty —t1) > x — y}




