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316 ) Chapter 9 = Sampling Theory and Some Important Sampling Distributions

9.2 = Sampling Distribution of the Sample Mean

It is important to distinguish between the distribution of the population of values X an
the sampling distribution of the sample mean X. The following example utilizes sam-
pling without replacement and illustrates how to obtain the sampling distribution of X,

Example 9.3 The Sampling Distribution of X: The data in Table 9.1 show 200 random digits. Co

—_— sider these values to be a population. The population mean for these values is 1 = 4
Table 9.2 shows the frequency and relative frequency distributions for the data in Table 3
9.1, and Figure 9.3 shows the relative frequency histogram.

TABLE 9.1
200 random digits

— e L Lh LN LN O W
OO = B O O M —
W O O O B - =) OO
[PUR U, N N G S - Y R«
00 00 = W D W O O =] D
- B RO v O 00 B N Lh
B o= W NN O Bt -
=" T 'S TN T ¥ - N R OC T I o
o o— 00— O WD Oh h O

O - oo WO OO W —
h Oh =] O Oh o~ k=
o W - BN — O
WO 00 B 00 M NN~ —
- O =3 O 00 e L ) O Ch
W W M0 N R — N Ov B
O O 00 W = D WO O
D o=l 00 O = WO & 0 b —
Lh R R D =1 08 bh — W =
OO~ 00 W = O~
[ T O e e N e B S I |

TABLE 9.2 Distribution of data in Table 9.1
X 0 1 2 3 4 5 6 7 8

Frequency 19 20 17 19 20 15 27 28 15
Relative frequency .095 100 .085 .085 .100 .075 135 .140 075

FIGURE 9.3 .14
Relative frequency

histogram of data in 12
Table 9.1.

Relative Frequency
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In Table 9.1 the values x,, x,, . . . » Xy are in the first row; x,;, x5, . . . , X4 are

- in the second row; and so forth. To get information about the sampling distribution of

- the sample mean, we took 80 different samples of size n = 10 and calculated the sample

mean X for each sample. The first sample, which contained the first 10 observations in

the first row of Table 9.1, had a sample mean of 3.8. The second sample contained, the

last 10 observations in the first row of Table 9.1 and had a sample mean of 4.6. An

additional 78 samples of size 10 were obtained, and the sample mean was calculated for

each sample. The 80 values of X obtained in this fashion are shown in Table 9.3. Note

- that if we sample without replacement, ,,C,, different samples of size 10 can be selected

¢ from Table 9.1. We have chosen 80 of these possible samples to illustrate that X is a

+-random variable with a value that varies from sample:to sample. Table 9.4 shows the

B relative frequency distribution of the 80 sample means, and Figure 9.4 shows the relative
frequency histogram of these 80 sample means.

38 46 7. ; d 5.5
6.0 4.1 4, : 3 4.5
2.5 438 5. . 0Tl
3.5 45 5. : 7 4.8
3.3 51 .5 : .0 4.4
4.2 4.1 5, : 8 5.6
3.5 57 4 : 7 S |
49 6.2 5. ; 5050

_ Relative
X Frequency Frequency

2.0 to under 2.5 0250 "
2.5 to under 3.0 .0250 gl e
3.0 to under 3.5 0650 Horeserd

wpimt]

3.5 to under 4.0 .0650 ;hxg‘!
4.0 to under 4.5 .2375 UL
4.5 to under 5.0 .2500 o
5.0 to under 5.5 1625
5.5 to under 6.0 {0875
6.0 to under 6.5 .0625
6.5 to under 7.0 .0000

7.0 to under 7.5 _ .0250

Total 1.0000

Figure 9.3 shows that the relative frequency distribution of the population of data is
approximately a uniform distribution. This result is reasonable because if the digits are
truly random, each digit should be equally likely with a relative frequency of .1.




ol

ity
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FIGURE 9.4

Relative frequency
histogram of 80 sam-
ple means in Table
9.3.

ekl R ety

Relative Frequency

Figure 9.4 shows the distribution of X values. This distribution is approximatelys
bell shaped, and most of the values of X are clustered around 4.62, which is the mean§
of the original population of data. Even though the population is approximately '
formly distributed, the sampling distribution of X is approximately normal. It can
shown that this approximation to the normal distribution improves as the sample size§
increases. For example, if we had taken samples of size n = 30 rather than n = 10, the
approximation to normality would have been more exact. )

Mean and Variance of the Random Variable X

The mean and variance of the sampling distribution of X depend on the mean and vari
ance of the population and on the sample size n. The formulas for the mean and varian
of the sampling distribution of X are given in the accompanying box.

Formulas for the Mean and Variance of X
Let x,, X2, . . . , X, denote a random sample of size n selected from a populatio }
having mean g4 (or p) and variance o’k (or a?). Let X denote the sample mean.

1. The mean value, or expected value, of Xis
EX) = px = n

2. If the population is infinitely large or if sampling is done with replacement, the 1
the variance of X is

Var[)_() = ogi/n

and the standard deviation of X is given by o/ V1.
3. If sampling is done without replacement from a finite population containing N.
elements, then the variance of X is

Var(X) = Z—-z(i : ’;)

The value [(N — n)/(N — 1)] in the formula for calculating the variance w
sampling is done without replacement is called the finite population correction fac




pling Distribution of the Sample Mean

here N is the population size and n is the sample size. If the population size N is much
tlarger than the sample size n, this correction factor is close to 1; in such cases it makes
tlittle difference whether we sample with or without replacement. Unless explicitly noted,
“we will assume henceforth that sampling is done from an extremely large population so
that this correction factor can be ignored. ; HHS
3" According to the theorem, the standard deviation of the X values is oz = o/\V/n. 148
“This shows that o¢ will be small if o is small or if n is large. If the population standard '
dcvlation o is small, there is little variation in the population and we would expect
‘sample means obtained from different samples to be highly concentrated. If the sample
‘size is large, we would expect the different estimates X obtained from dgfferent samples
¢.to be highly concentrated about the mean .

Effect of a Small Population Standard Deviation: An employment agency wants to
estimate the mean hourly wage earned by high school students who work as cashiers at
¢ supermarkets. The agency hires several pollsters and asks each one to obtain a random
. sample of n = 25 students. Because most students earn between $3.35 and $5.00 per ﬁu

hour, the population standard deviation is relatively small, say, o = $1.00. Because the E
. students’ wages are highly concentrated and do not exhibit much variation, the estimates :é;
. obtained by the different polisters should not exhibit much variation either. That is, we I

would expect the values of X obtained by each pollster to be quite close to one another. I

Thus, if the population has a small standard deviation, the sampling distribution of )
¢ sample means will also be highly concentrated. ]

¢ Effect of a Large Population Standard Deviation: The employment agency in Ex-
\ ample 9.4 is also interested in estimating the mean annual income earned by lawyers.

Again pollsters are hired, and each is told to obtain a random sample of n = 25 lawyers. Pid

: The population mean is, say, $70,000 per year. However, the standard deviation of this 0
- population is very large, say o = $20,000, because the annual incomes are widely :Iw-

JUBTRH

dispersed about the mean. As a result, the sample mean obtained by one pollster could e st
: i : ; iy
- be quite different from the sample mean obtained by another. We would not necessarily Rt
_ expect the values of X obtained by the pollsters to be quite so close to one another. If e
" the population has a large standard deviation, the sampling distribution of the sample
- mean can also have a large amount of dispersion. ||

The following example illustrates the point that the variance of the sampling distri-
bution of X depends on the sample size n. If the sample size is large, then the sampling
distribution of X will be highly concentrated about the population mean.

Effect of Sample Size on the Variance of X: Several economists are interested in
estimating the mean annual income of accountants. Suppose the unknown population
mean is & = $50,000 and the population standard deviation is o = $10,000. Now
suppose one economist takes a random sample of n = 4 employees. Because this sample
size is very small, the estimate obtained by the economist could be quite different from
the true populat:on mean. For example, the standard deviation of the sampling distribu-
tion of X is o/"/n = 10,000/\/4 = $5000. From the Empirical Rule, approximately
68% of the data lie within |1 standard deviation of the mean if the distribution is approxi-
mately bell shaped, so only about 68% of the potential estimates of the population mean
will be within $5000 of the true mean. Since the remaining 32% of the estimates will be




B

more than $5000 from the mean, the probability is approximately .32 that the samplin
error will be more than $5000. An estimate of the mean income that is in error by mo
than $5000 could be useless in many economic studies. Because the sample size is ve
small, the sampling distribution of X is widely dispersed about the population mean.

Now suppose another economist takes a random sample of n = 1600 employees
Because this sample size is quite large, we would expect to obtain a very good estima
of the population mean. In this case, the standard deviation of the sampling distribution}
of X is o/\/n = $10,000/7/T600 = $250. From the Empirical Rule, the probability
approximately .95 that the sampling error |X — w| will be less than 2 standard devi
tions, namely $500, if the distribution is approximately bell shaped. Thus, in appro
mately 95% of the potential samples of size 1600, the estimated sample mean will
within $500 of the true population mean. An estimate of the mean income that is in erot
by less than $500 would probably be quite useful in most economic studies. When
sample size is large, the sampling distribution of the sample mean is highly concentrated 3
about the population mean.

Chapter 9 = Sampling Theory and Some Important Sampling Distributions 3

Graphical Representation
of the Distribution of X

The graphs in Figure 9.5 show that the sampling distribution of X is centered at (he;

il

population mean and becomes more concentrated as the sample size increases. Also note
that as the sample size gets larger, the distribution of X begins to approach normalify3
regardless of the shape of the original distribution.

Exercises for Section 9.2

Suppose the average 1Q of all college seniors is 125 and the variance is 144. You take a rands
sample of 100 students and calculate the sample mean IQ (X). The sample mean X is a rando
variable having a probability distribution. What is the mean, variance, and standard deviation
this distribution?

A city council is studying the tourist trade. During a certain year, the mean expenditure per to
was o = $500 with variance 8100. The city takes a random sample of 10 tourists and calculates
their average expenditure ¥. What is the mean, variance, and standard deviation of this
distribution? 4
In Exercise 2 the city takes a random sample of 1000 tourists and calculates the mean expenditu
Now what is the mean, variance, and standard deviation of the distribution of X? In this ¢
would you be very confident that your value of X is very close to p?

You take a random sample of size n = 10 and obtainx, = 8, x; = 6, x; = 5,4 =5, % _
X, =T, 0 = 6,0 =2, % =4, and X = 6. Calculate the sample mean and sample stand:
deviation. :
A person takes a random sample of 10 college seniors to obtain their IQs and gets the values 1§
~ 110, x, = 145, x, = 150, x, = 130, xs = 120, x = 105, x; = 130, xy = 105, x, = )
and x,, = 120. Use the formulas in Chapter 4 to calculate the sample mean and sample vari

Use the formula S*/n to estimate the variance of X.
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Sampling distribution of X for n = 2, 5, and 30.

Normal J “Uniform Bimodal Exponential
Population Population Population Population

X
1

Parent Population

X
1.0 1.5 2.0 2.5 3.0

Sampling Distribution of X for Sample Size n =2

fX) fix) Prx) FX)

W= ¥ | /t\ 7 ..|I||H|mhh.._r 7 h_n"*
90 20 30 %

Sampling Distribution of X for Sample Size n = 5

P(X)

1.0 20 30 &

Sampling Distribution of X for Sample Size n = 30

Five randomly selected tourists are asked how much they spent on their vacation. We obtain x,

= $600, x; = $800, x; = $400, x, = $1000, and x; = $500. Calculate the sample mean and

sample variance. Estimate the variance of X using the estimator S%/n.

If the population is approximately normal, the variance of the sample median equals (m/2)

" (c¥n). If a sample median is to have a standard deviation equal to that of a sample mean (from
the same population), how much bigger must the sample size be?

%
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